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PREFACE 


Descriptive geometry deals with the fundamental theo- 
ries underlying the only universal language; namely, the 
graphical language, or drawing. As the name implies, the de- 
scriptions must be in the form of geometrical constructions, 
comprehending both plane-geometry and solid-geometry 
materials and methods. Its function is to describe, in geo- 
metrical terms, the shape, size, space location, and space 
relations of geometrical magnitudes. 

Numerous textbooks on descriptive geometry have been 
written since Professor A. E. Church published his memo- 
rable work on the subject in 1864. Each one has had some 
special point of interest and worth to recommend it to both 
teacher and student. Some have produced new methods of 
attack on old problems; others have offered new problems 
for solution with old methods. There have been many 
attempts during the last half century to make descriptive 
geometry clearer and easier to comprehend by textbook 
presentations, but it is quite evident to the impartial ob- 
server that the authors of these texts have taken the occa- 
sion to emphasize a certain method of attack, to the neglect, 
and sometimes the complete exclusion, of other equally 
good methods. 

On account of the character of the subject matter of 
descriptive geometry and its universal application in both 
pure and applied science and art, it would seem beyond 
question that those principles and methods found to be 
either necessary or useful to a thorough understanding and 
application of the theory involved should not be omitted 
or abridged in the preparation of any treatise on the 


subject. Nevertheless many textbooks fail to relate or 
Vv 
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harmonize in their early chapters the several equally good 
methods of approach to the subject. 

In presenting this text, the authors lay claim to no new 
discovery in the realm of mathematical science. They sug- 
gest no workless road to the mastery of a difficult subject. 
They find it impossible to agree in principle or in prac- 
tice with any effort to restrict in methods and materials 
a wholly fundamental and general field of mathematical 
science. Their intention has been to prepare a fundamental 
treatise on descriptive geometry, and, in so doing, they have 
kept uppermost in mind the importance of weighing im- 
partially the merits of each principle and method and of 
so arranging, relating, and emphasizing those selected that 
the student and teacher alike shall find the subject matter 
easier to comprehend and more readily applicable to the 
problems of our industrial and scientific life. 

It is recognized that there are many specialized points — 
of view from which one may proceed in the exposition of 
principles and in the choice of illustrations. The archi- 
tect, the machine or structural designer, the geologist, the 
topographer, the crystallographer, and others use certain — 
definite small portions of the descriptive geometry in their 
professional work. The authors have avoided overemphasis 
in any of the fields of application of theory to practical 
drafting. Selection of illustrations from any source has 
been made for the single purpose of properly illustrating 
the principle involved. The fundamental and general char- 
acter of the subject has been the only basis upon which they 
have been willing to build. 

So far as is known, no previous attempt has been made 
to accomplish the logical task of correlating the two pri- 
mary and well-determined methods of solution of geometri- 
cal problems as each underlying principle is presented in 
the text. The authors have found this scheme eminently 
successful in their classes over a goodly period of years, 
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principally because there is in the student’s mind, as he 
progresses from the simple to the intricate, no sense of 
clashing between the theoretical and the practical. The 
auxiliary-plane method is used to supplement and clarify 
the older and more formal methods, and vice versa. This is 
one of the prime functions of the text and, we hope, the one 
it most successfully accomplishes. 

The gradual elimination of second-quadrant and fourth- 
quadrant constructions as the topics progress toward those 
dealing with surfaces and solids is a feature of no small 
importance. The Analyses have been restricted to very 
general statements of fact, which lead to the final conclu- 
sion or solution of the problem. On the other hand, the 
Constructions have been elaborated to explain both the 
sequence and the meaning of each step as it is taken. 
Discussions have been inserted at appropriate places to 
bring out related facts and conclusions. 

The authors take the opportunity to express their appre- 
ciation of the many helpful suggestions made by members 
of the Department of General Engineering Drawing at the 
University of Illinois during the preparation of the text, and 
especially their indebtedness to Professor R. A. Hall, who 
has read the text manuscript and offered many construc- 


tive criticisms of it. 
H. H. JORDAN 


F. M. PORTER 
URBANA, ILLINOIS 
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DESCRIPTIVE GEOMETRY 


CHAPTER I 


PROJECTIONS OF POINTS 
1. Definition 

Descriptive geometry, as its name implies, deals with 
the problems of shape description and space location of 
geometrical or physical magnitudes. It is concerned with 
the solutions of problems that arise in connection with the 
determination of distances, angles, intersections, and other 
relations between geometrical magnitudes. The language in 
which these shape descriptions are written is the graphical 
language, that is, free-hand and mechanical drawing. The 
magnitudes dealt with range from the infinitesimal point on 
through the whole catalogue of lines, planes, surfaces, and 
solids, to the most complex machines and structures. 

The prime function of descriptive geometry is to develop 
principles and methods which will permit us to describe a 
magnitude and to relate it to other magnitudes, or to relate 
the several parts of a magnitude to each other, so that ideas 
and designs may be worked out and transmitted from one 
person to another by a simple but effective means called 
drawings. A thorough understanding of the methods and 
devices employed in the development of the subject will 
comprehend such things as coordinate planes, coordinates, 
orthographic projection, projectors, points of sight, views, 
and the like. Many principles of plane and solid geometry 
are foundation stones in the descriptive-geometry structure 
and must be drawn upon freely in solving stated problems. 
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2. Coordinate planes 

Drawings are usually made on planes that are set up 
perpendicular to each other ; for example, a horizontal and 
a vertical plane. In descriptive geometry three mutually 
perpendicular planes are sufficient for most purposes, but 
additional planes perpendicular to one or another of these 
first three may be set up for special reasons. The three 
primary planes are called the principal coérdinate planes 









V Plane? 


plane : 


Fig. 1. The principal codrdinate planes 


or simply the codrdinate planes. They constitute the same. 
set of planes found in other codrdinate geometries, and 
their intersections the same codrdinate axes, X, Y, and Z. 
These axial lines are called ground lines in descriptive 
geometry. The additional planes, referred to above, are 
called auxiliary coordinate planes, meaning, of course, help- 
ing planes. They are to be used when solutions on the 
principal planes become involved and laborious, or when 
the shape of an object is brought out more clearly by views 
drawn upon them than by the primary: views. 

One of the three primary codrdinate planes is always 
assumed horizontal, that is, parallel to the plane deter- 
mined by the spirit level. It may be thought of as the 
floor of a room or the top of a desk, for visualization 
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purposes. This plane is designated the horizontal plane or 
simply the H plane. Another of the primary codrdinate 
planes is set up perpendicular to the horizontal plane. It 
may be thought of as the front wall of a room and is desig- 
nated the vertical plane or simply the V plane. The third 
coordinate plane is placed perpendicular to the H and V 
planes and is called the profile plane or simply the P plane. 
It may be thought of as either side wall of a room, but more 
often as on the right of the ob- 
server as he faces the V plane. 
(See Fig. 1.) 

Each of the codrdinate planes 
is infinite in extent. Only small 
portions of them are shown in 
Fig. 1. They are assumed to 
be transparent, although in 
actual work they are nothing 
more or less than the drawing 
paper, blackboard, or other 
materials upon which drawings 
are made. In practice, either the coordinate planes are as- 
sumed in some fixed position in space and the magnitudes 
being dealt with are placed within their included angles, 
or the magnitudes are assumed fixed in position and the 
planes placed about them. Fig. 2 shows an object placed in 
one chosen position in space relative to the coordinate planes. 





Fig. 2. Object and codrdinate 
planes 


3. Designation of coordinate planes 

For convenience in marking drawings or projections, each 
coordinate plane is given a numerical designation in addi- 
tion to the descriptive terms used in a preceding paragraph. 
Beginning with the H plane, they are marked and referred 
to in the following order: the H plane is called Plane 0, 
the V plane is called Plane 1, and the P plane is called 
Plane 2 (see Fig. 1). When the first auxiliary coordinate 
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plane is set up in any problem, it is called Plane 3. If an 
auxiliary plane is set up perpendicular to Plane 3, it is 
called Plane 4. An auxiliary plane perpendicular to number 
A will be called Plane 5, and so on for as many codrdinate 
planes as may be set up in any given problem. 


4. Dihedral angles or quadrants 


Considering only the horizontal and vertical planes, these 
two divide all space into four parts called angles or quad- 
rants. That portion of space in front of the vertical plane 
and above the horizon- 
tal plane is called the 
first angle or quadrant; 
that portion of space 
behind the V plane and 
above the H plane is 
called the second angle 
or quadrant; that por- 
tion of space behind the 
V plane and below the H 
plane, the third angle or 

Fic. 8. Quadrant numbering quadrant; and that in 
front of the V plane and 

below the H plane, the fourth angle or quadrant. The term 
‘““quadrant”’ is preferred to ‘‘angle” and will be used gen- 
erally throughout this text. It should be noted that the 
profile plane has nothing to do with the quadrant designa- 
tions, and further, that the term “‘quadrant”’ is used in the 
sense of a space designation rather than as the arc of a circle 
ina plane. Fig. 3 will assist in visualizing these definitions. 





5. Projectors and projections 


_ As already indicated, one of the purposes of setting up 
the codrdinate planes is that of representing -upon them 
all kinds of magnitudes or objects in such a way that com- 
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plete information about the things dealt with may be given 
without the use of long written descriptions. The method 
employed in obtaining these representations is that of pro- 
jection, or projecting, as it is called. 

If an object, such as that shown in Fig. 4, is placed in any 
quadrant, and lines perpendicular to each codrdinate plane 
are drawn through the significant corners of the object, the 
first step in the procedure of obtaining projections has been 
taken. These perpendic- 
ular lines, as Aa’, Dd, Ffz, 
etc., are called the projec- 
tors. Now, if the projec- 
tors are extended until 
they pierce the codrdinate 
plane to which they are 
perpendicular, and the sev- 
eral piercing points in a 
plane are joined in the 
proper order, there results 
a drawing on each plane 
that is the exact size and 
shape of any face of the 
object to which a particular codrdinate plane is parallel. 
Faces not parallel to any coordinate plane will be repre- 
sented but not, of course, in true size. These drawings are 
called projections or views and, since the projectors to any 
one coordinate plane are all parallel to each other and per- 
pendicular to that plane, this type of projection is called 
orthographic projection. 

An orthographic projection, then, is a representation or 
view of any geometrical magnitude on a coordinate plane 
by means of drawings (projections) which result from con- 
necting the piercing points, in the plane, of a number of 
parallel projectors drawn through the significant points of 
the magnitude and perpendicular to the plane. A number 





Fic. 4. Projections or views of an object 
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of these orthographic projections of an object, when taken 
together, will accurately and completely show the shape 
and size of the object represented. More than two coordi- 
nate planes are often necessary to secure these desirable 
results and sometimes as many as four or five planes are 
used. On account of this use of the codrdinate planes in 
projective work, they are called planes of projection. 


6. Marking projections; nomenclature 


In Fig. 4 it was seen that the corner A of the wedge was 
projected upon three planes of projection. It is necessary 
that each of these representations of the point A have a 
characteristic marking to distinguish it from corresponding 
projections of other points, such as B and C, for instance. 
All projections of a point are marked with a small letter 
corresponding to the capital letter used to designate the 
point in space. A numerical subscript is then added to each 
small letter to designate the number of the codrdinate plane 
upon which the projection is found. Thus, in the case of. 
the H projection of the point A (Fig. 4), a is the correct 
marking ; for the V projection, a, is used; for the P projec- 
tion, a2 is used; while as, as, etc., would be correct mark- 
ings for projections on corresponding auxiliary coordinate 
planes that might be added. It is customary to omit the 
subzero on the H projections and to use a prime or accent 
marking instead of a subscript in the case of the V pro- 
jections. These two variations are made only for purposes 
of speed and clarity in lettering complicated drawings, 
since, in the case of both the vertical and the horizontal 
projections, numerous additional subscripts must be used 
to distinguish between several projections when a single 
letter is used in series arrangements, or when a magnitude 
is projected on planes other than the codrdinate planes. 
These conditions are not met with so much in the case 
of the profile and auxiliary projections because these pro- 
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jections are less used in obtaining solutions of problems. 
Every projection on a drawing must have the correct literal 
and numerical marking given it, or a great deal of confusion 
will arise. 


7. Revolution of the coordinate planes 


The projections of an object or magnitude can be of littie 
practical use if the codrdinate planes are kept perpendicular 
to each other. The three planes must be brought together 
into one plane, like a sheet of drawing paper, for instance. 
To do this, the vertical plane is assumed stationary and the 
two other codrdinate planes are revolved into coincidence 
with it by using their lines of intersection with the vertical 
planes as axes of revolution. These two principal axes of 
revolution, and others to be explained later, are called 
ground lines. They are usually marked on the drawing in 
a distinctive manner, although the horizontal and vertical 
ones may not be so marked because of the ease with which 
they are recognized among other lines on the drawing. The 
intersection of the two principal ground lines is called the 
origin. 

That portion of the H plane in front of the V plane is re- 
volved down into the vertical plane and, of course, that 
portion of the H plane behind the V plane revolves upward 
into the vertical plane. In a similar manner, the profile 
plane in front of the vertical plane is turned toward the 
right while that part behind the vertical plane is turned 
toward the left. (See Fig. 5.) The direction of revolution 
is purely arbitrary but is sanctioned by long usage. In the 
case of the profile plane, it will often be true that the oppo- 
site direction of revolution will prove advantageous, as will 
be explained later. Although no inconvenience or confu- 
sion will result if the H plane is kept stationary and the V 
plane is revolved, in this text the V plane will be assumed 
stationary in all the explanations. 
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In the second part of the drawing of Fig. 5 there is shown 
the effect of the revolution of the codrdinate planes on the 
final positions of the projections of a point. It is noted that 





Fic. 5. Revolution of codrdinate planes 


the point A, its H projection a, and its V projection a’, are 
all in a plane that is perpendicular to the horizontal ground 
line. Hence, when the H plane is revolved about the hori-. 
zontal ground line as an axis, a will fall directly under a’, 
that is, on the same perpendicular line to the horizontal 
ground line. This line con- 
necting any two projec- 
tions is always shown as 
a dotted line and is called 
a projecting line or, more 
properly, a construction 
line. Similarly, the points 
A, a’, and a2 are ina plane 
perpendicular to the ver- 
tical or profile ground line; 
hence a’ and az are found 
on the same perpendicular to this ground line after the P 
plane has been revolved. It will be observed, further, that 
only the V projection remains stationary in the revolutions 
of the coordinate planes. 


Q 
S 





Fic. 6. Points in each of the four 
quadrants 
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The location of any projection with reference to the hori- 
zontal or vertical ground lines depends upon the quadrant in 
which the point or other magnitude may be placed. Fig. 6 
will assist the student to fix these several relations in mind 
when the object is placed in each of the four quadrants. 


8. Coordinates 


All magnitudes are referred to the codrdinate planes 
when their location in space is being described in words. 
Hence a point is said to be a certain number of linear units 
above or below the horizontal plane, a certain number of 
units in front of or behind the vertical plane, and a certain 
number of units to the right or left of the profile plane. 
This is called codrdinating the point or magnitude. As in 
analytical and other geometries, the letters x, y, and z are 
used to designate the distances and directions of measure- 
ment from the point to the codrdinate planes. Thus 


x = the distance a point is to the right or left of the P plane 


as x is + or —. 

y = the distance a point is above or below the H plane as 
y is + or —. 

z = the distance a point is in front of or behind the V plane 
as zis + or —. 


All projections of a magnitude, on the other hand, are re- 
ferred to one or another of the ground lines when their posi- 
tions on the coérdinate planes are being described in words. 
An examination of Fig. 7 serves to show that definite fixed 
relations exist between the codrdinates of a point in space 
and the distances and directions of its projections from the 
ground lines. For example, the point A, in the first quad- 
rant, is 5 units to the left of the P plane (x =— 5); as a re- 
sult, its V and H projections are each 5 units to the left of 
the profile ground line. The point A is 6 units above the H 
plane (y= 6); its V and P projections are each 6 units 
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above the horizontal ground line. The point A is 4 units in 
front of the V plane (z = 4); its H projection is 4 units be- 
low the horizon- 
tal ground line and 
its P projection is 
4 units to the right 
of the profile ground 
line. It is custom- 
ary to condense the 
specification of a 
point in space to a 
simple form, thus: 
A= (— 5, 6, 4), meaning that the point A has the coérdi- 
nates x=— 5, y=6, and z=4. The plus sign is always 
omitted as in other mathematical work. 

A second and equally important method of indicating the 
position of points in space consists in referring the points to 
each other instead of to the codrdinate planes. Thus a point 





Fic. 7. Codrdinate distances 


! 
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b 





Fig. 8. Correspondence of space and projection distances 


is said to be to the right or left of another point, above or 
below it, and in front of or behind it. The relations existing 
between the corresponding projections of points so referred 
to each other are clearly shown in the example of Fig. 8, 
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where the point A is known and the point B is described as 
being 5 units to the left, 3 units below, and 2 units in front 
of A. It should be noted that the relations of the corre- 
sponding projections are in agreement with the distances 
specified in space, and that these relations are not dependent 
upon the position of the ground lines; in fact, the ground 
lines need not be shown at all. All commercial or technical 
drawing is done upon this latter basis of relating objects 
and parts of objects to each other and not to the codrdinate 
planes; hence ground lines are almost always omitted from 
such drawings. 


9. Summary of space-projection relations of a point 

In the preceding figures, points on solid objects and as 
entities by themselves have been shown in various positions 
relative to the H and V codrdinate planes. Nine locations 
may be named as summarizing all the possible positions a 
point may assume in space relative to these two codrdinate 
planes, as follows: anywhere in space in each of the four 
dihedral angles; in the V plane, either above or below the 
horizontal plane; in the H plane, either before or behind the 
vertical plane; and in the ground line. 

These nine characteristic positions are often termed the 
alphabet of a point. They are shown in Fig. 9. 

Fig. 10 shows the alphabet positions of a point in three 
projections instead of two, as is the case in Fig. 9. Definite 
fixed relations between the projections and ground lines on 
the one hand and the corresponding point-space positions 
and the coordinate planes on the other may be summarized 
from Figs. 9 and 10 as follows: 


1. The distance from a point to the horizontal plane is always 
shown by the distance its V and P projections are from 
the horizontal ground line (Article 8). 

2. The distance from a point to the vertical plane is always 
shown by the distance its H projection is from the hori- _ 
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zontal ground line and by the distance its P projection 
is from the vertical ground line (Article 8). 

3. The distance from a point to the profile plane is always 
shown by the distance its H and V projections are 
from the vertical ground line (Article 8). 
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Fic. 9. The nine space locations of a point 


It should be noted further from Fig. 10 that 


a. The’ vertical and horizontal projections are always on the 
same vertical projecting line. 

b. The vertical and profile projections are always on the same 
horizontal projecting line. 

c. The dotted lines in the figure are mere construction devices 
for obtaining or maintaining these various relations and 
distances. 


From the foregoing it is deduced that if two projections 
of a point are given, the point is completely determined and, 
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conversely, if the position of a point in space with reference 
to the codrdinate planes is known, its projections may be 
definitely plotted. Two projections constitute the absolute 
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Fic. 10. Profile projections of points 


minimum necessary in any case. Solutions to formal prob- 
lems are usually expressed in H and V projections, although 
in commercial drafting the V and P projections are quite 
regularly used. 


10. Auxiliary coordinate planes 


Often it is very desirable to show the projections of points, 
lines, and objects upon other planes than the three principal 
ones studied heretofore. The most common of these planes 
are those which are set up perpendicular to any one of the 
principal coordinate planes. They are called auxiliary coor- 
dinate planes. They may be thought of as helping planes 
in that they bridge the gaps often encountered in drawing 
when only the regular planes are used. Fig. 11 shows one 
such plane perpendicular to the horizontal plane. It is 
called auxiliary codrdinate plane number 3 or simply codrdi- 
nate plane 3 (see Article 8). 

The intersection of this auxiliary codrdinate plane 3 with 
the H plane constitutes a third ground line about which the 
auxiliary plane is revolved, in either direction, into the hori- 
zontal plane. This new ground line is marked 0-3 in the 
manner shown. The numeral 0 indicates that the auxiliary 
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plane is perpendicular to the zero, or H, plane. The num- 
eral 3 indicates that the auxiliary plane is numbered 3. 





Fic. 11. Auxiliary coordinate plane 3 


A point A is pro- 
jected upon plane 
3 by means of a 
projector through 
the point perpen- 
dicular to the 
plane in the same 
way that it would 
be projected upon 
the H; V, or & 
plane, and the pro- 
jection is marked 
az (see Fig. 11). 


When plane 3 has been revolved into the horizontal plane, 
which in turn revolves into the V plane, there is obtained 
the view shown in the right half of the figure. Attention 
is directed to the fact that a and a; are on the same 


perpendicular to the 
ground line 0-3 for 
the identical reasons 
that a and a’ are on 
the same perpendicu- 
lar to the horizontal 
ground line (see Arti- 
cle 7). The distance 
from a; to 0-3 must 
be equal to the dis- 
tance from a’ to the 
horizontal ground 
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Fic. 12. Auxiliary codrdinate plane 3 


line, each distance representing the same thing, namely, 
the distance the point is located above the H plane. 

Fig. 12 shows the conditions when the auxiliary codrdi- 
nate plane is set up perpendicular to the V plane. In this 
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case the ground line must be marked 1-3 to indicate that 
plane 3 is perpendicular to the V plane. Since the V plane 
is stationary, only one revolution is involved in bringing 
the auxiliary plane into coincidence with the vertical plane. 
Here the distance from a; to 1—3 is equal to the distance a is 
from the horizontal ground line, each being the distance the 
point A is from the vertical plane. 

Auxiliary planes may also be set up perpendicular to the 
profile plane, in which case the ground lines are marked 
2-3. Here, as in the first instance cited, two revolutions are 





Fic. 13. Auxiliary codrdinate plane 3 


involved in bringing the auxiliary plane into coincidence 
with the vertical plane (see Fig. 13). The distance to be 
laid off from the ground line 2-3, in this case, is the distance 
the H or V projection is to the left or right of the vertical 
ground line, that is, the distance from the point A to the 
profile plane. 

In each of the three cases cited above and in all instances 
where an auxiliary coordinate plane is used, the projecting 
line, upon which the measurement is laid off, must always be 
perpendicular to the new ground line, and must pass through 
the projection of the point on the codrdinate plane to which 
the auxiliary plane is set up perpendicular. Auxiliary planes 
may be revolved in either of the two possible directions. 
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From the foregoing and from a careful examination of 
Figs. 11, 12, and 18, the following statements of fact are 
derived : 


1. An auxiliary coordinate plane and the principal plane to 
which it is perpendicular form a new set of codrdinate 
planes having the same properties and relationships to 
each other as do any two of the principal coédrdinate 
planes. 

2. The projection of a given point 
on an auxiliary codrdinate 
plane is found on a line per- 
pendicular to the new ground 
line, through the projection 
of the point on the prin- 
cipal plane to which the 
auxiliary plane is set per- 
pendicular. 

3. The distance from the auxil- 
iary projection of a given ““ 
point toits reference ground Fic. 14. Coérdinate distances 
line is the same as the dis- 
tance another projection of the point is from its refer- 
ence ground line, when the two projections compared 
are on planes perpendicular to the same codrdinate 
plane. This important fact is illustrated by the pro- 
jections shown in Fig. 14. 
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CHAPTER II 


PROJECTIONS OF LINES 

11. Straight lines 

A line is the path of a moving point. A straight line is the 
path of a point that moves without change of direction. The 
direction of a straight line is completely determined when 
two points on it are definitely located. It is only necessary, 
therefore, to establish the H, V, and P projections of any 
two chosen points on a given line, such as A and B in Fig. 15, 





Fic. 15. Projections of a straight line 


for instance, and then to join the corresponding projections 
of the points by straight lines (projections) in order to rep- 
resent the given line completely. Of course, AB is only a 
segment of an infinite line in space — all straight lines being 
infinite in extent — but it is customary to speak of AB asa 
definite and determinate line, to be produced at will by the 
simple expedient of extending its several projections simul- 
taneously in corresponding directions. 


12. Curved lines 
A curved line is the path of a point that moves in a 
continually changing direction. Curved lines may not be 


represented so easily as straight lines. A number of points 
17 
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sufficiently close together to permit of smooth curved lines 
being drawn through their respective projections must be 
projected upon the codrdinate planes, so that any intermedi- 
ate points may be located with a fair degree of accuracy 
(see Fig. 16). The curved line shown differs from the straight 
line of Fig. 15 in that it may not be extended at will. A 
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Fic. 16. Projections of a curved line 


curved line should be designated and read by means of two 
or more letters, thus: ‘line AB, with projections ab, a/b’, 
and db,” or “line ABCD,” with corresponding projections. 


13. Lines versus projections 


Difficulty is always experienced by the beginner in dis- 
tinguishing properly between a given line in space and its 
projections on paper, especially in his oral references to 
them. This trouble is overcome entirely by strict adherence 
to the simple rule that the representations of a space line on 
the coordinate planes must be referred to as projections in- 
stead of as lines. Thus it is correct to say “‘the H projection 
ab,” whereas the simple phrase “‘the line ab,’ referring to 
the horizontal projection, is bound to be ambiguous, be- 
cause anyone hearing the expression is in doubt whether the 
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line AB in space is meant or its horizontal projection. Not 
so much difficulty is experienced in distinguishing between 
a line in space and its V, P, and auxiliary projections, on 
account of the accents and subscripts used with these 
projections. It must be understood, also, that the location, 
inclination, and other space characteristics of lines or any 
other magnitudes are always described by reference to the 
coordinate planes, and not to the ground lines, as is the 
case when their projections are being discussed. 


14. Relations of lines to the coordinate planes 


A line of definite length may be placed in seven character- 
istic or typical positions relative to the three principal coor- 
dinate planes. One or more of three descriptive words — 
“inclined,” “‘ parallel,’ or ‘‘ perpendicular’ —must be used to 
indicate the relations of each of these lines to the coordinate 
planes. Six of the seven typical lines are parallel to one or 
another of the three principal coordinate planes. This fact 
is of much importance in construction work and is made the 
basis of the following summary, by first bringing the general 
inclined line parallel to the H plane and turning it through 
an angle of 360°, then parallel to the V plane and turning it 
360°, and finally parallel to the P plane, and listing in order 
the characteristic positions of the line as they occur in the 
revolutions. A line in space may be 


1. Inclined to all three codrdinate planes; its H and V pro- 
jections will be inclined to the horizontal ground line 
(Fig. 17a). 

2. Parallel to the H plane and inclined to the V and P planes; 
its V projection will be parallel to, and its H projection 
will be inclined to, the horizontal ground line (Fig. 17 6). 

3. Parallel to the H and P planes and perpendicular to the V 
plane; its V projection will be a point, and its H projec- 
tion will be perpendicular to the horizontal ground line 
(Hig. 17). 





Fic. 17. The seven space directions of a line 
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4, Parallel to the H and V planes and perpendicular to the P 
plane; its H and V projections will be parallel to the 
horizontal ground line (Fig. 17d). 

5. Parallel to the V plane and inclined to the H and P planes; 
its H projection will be parallel to, and its V projection 
will be inclined to, the horizontal ground line (Fig. 17 e). 

6. Parallel to the V and P planes and perpendicular to the H 
plane; its H projection will be a point, and its V pro- 
jection will be perpendicular to the horizontal ground 
line (Fig. 17 f). 

7. Parallel to the P plane and inclined to the H and V planes; 
its H and V projections will be perpendicular to the 
horizontal ground line (Fig. 1749). 

Every student should determine for himself the profile 
projection of each of these characteristic lines. This may be 
done by finding the profile projections of the ends of each 
line, as explained in Article 7, and then joining them by a 
straight line. The procedure is shown for each characteristic 
line in Fig. 18. 

These seven typical positions of a line taken together con- 
stitute what is often termed the alphabet of a line. The term 
“alphabet” may be restricted to mean that the included lines 
are limited in length and position to one definitely stated 
quadrant, as is done in the case of the seven drawings of 
Figs. 17 and 18, or it may be used in the more general 
sense to include these typical lines without reference to 
their lengths or the quadrants in which they may be found. 
The latter usage is preferred. The location of the profile 
plane has no effect upon the alphabet characteristics of a 
line in either case. 


15. H-, V-, and P-parallels 


It will be noted from the foregoing summary of the rela- 
tions of lines to the coordinate planes that numbers 2, 3, and 
4 specify lines parallel to the H plane. Any line so related 
to the H plane is called an H-parallel. Similarly, numbers 
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Fic. 18. Profile projections of lines 


4, 5, and 6 specify lines parallel to the V plane; they are 
called V-parallels. Numbers 3, 6, and 7 specify lines parallel 
to the P plane; they are called P-parallels. Lines specified 
in numbers 3, 4, and 6 fall under each of two designations 
and may be spoken of in either of two ways. 


16. Intersecting lines 


Two intersecting lines contain a common point in space. 
This point must have its H projection on the H projection 
of each line — therefore at their intersection. Similarly, the 
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V projection of this point must be at the intersection of 
the V projections of the lines. These two points of projec- 
tion must be on the same perpendicular to the ground line 
(Article 7). Hence, to draw a line CD intersecting a line AB 
at a point C, it is only necessary to assume the projections 
of the point C on the respective projections of AB and in the 
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Fic. 19. Intersecting lines 


same perpendicular to the ground line, and then to draw the 
projections of CD in any desired direction, as shown in the 
upper drawings of Fig. 19. The point A or the point B might 
have been taken as the point of intersection and the line CD 
drawn through it in any desired direction, as shown in the 
lower half of the figure. The profile projection of the line AB 
might have been used equally well with either of the other 
two projections to determine the point of intersection. 
Conversely, to ascertain if two lines already drawn do 
actually intersect, it is only necessary to observe whether 
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the point of crossing of the H projections, produced if need 
be, is on the same perpendicular to the ground line as the 
point of crossing of the V projections. : 

If, in the foregoing cases, one of the lines had been a 
P-parallel, then the profile projections of the lines would 
have been utilized to determine whether or not the lines 
actually intersect and are correctly drawn. 


17. Projections of lines on auxiliary coordinate planes 


In Article 10 it was shown how a point already projected 
upon the principal planes may also be projected upon an 





Fic. 20. Plane-3 projection of a line 


auxiliary plane perpendicular to one of the codrdinate 
planes, by laying off certain distances on projecting lines 
drawn through the proper projections of the points and per- 
pendicular to the new ground line. A line may be projected 
upon such a plane by projecting its two end points in the 
manner referred to and joining the resulting projections 
with a straight line. In Fig. 20 the line AB has been pro- 
jected upon an auxiliary coordinate plane 3, which is set up 
perpendicular to the H plane. The auxiliary projection is 
marked a3b;. Plane 3 may be revolved in either direction 
about 0-3 as an axis into the horizontal plane. The right 
half of the figure shows the relative locations of the projec- 
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tions after the revolution of each of the codrdinate planes 
has taken place. It should be pointed out again that a’ and 
a3 are at equal distances from their respective ground lines. 
This is true because these lengths both represent the dis- 
tance of the point A from the H plane, as the pictorial draw- 
ing of the figure shows. Likewise, b’ and b; are at the same 
distances from their respective ground lines. 

Fig. 21 shows the line AB projected upon an auxiliary. 
coordinate plane 3 which is perpendicular to the V plane. 










Sal 
\ 





Ce eee 


Fic. 21. Plane-3 projection of a line 


Here a and a; are at equal distances from their respective 
eround lines because these lengths represent the distance of 
the point A from the V plane. The corresponding projec- 
tions of B have a similar relation to each other. 

An auxiliary plane 3 may be set up perpendicular to the 
profile plane and the sub-3 projections obtained in a manner 
similar to that of the preceding examples. 

In each case cited above and in all other cases where a 
plane 3 is used, the auxiliary projections are always found 
on perpendiculars to the new ground lines and through the 
projections on that codrdinate plane to which the auxiliary 
plane has been set perpendicular. Later it will be explained 
how a second auxiliary plane may be set up perpendicular 
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to any one of the three auxiliary planes previously men- 
tioned. It will be found that the rule just stated will hold 
with respect to the projections on this new auxiliary plane 
and its ground line. 


18. Piercing points of lines 

It has been stated that a line is infinite in length, although 
by common usage a segment of it is termed the line. Hence 
a line inclined to all three principal planes may be extended 
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Fig. 22. Piercing points of a line 


into as many as three quadrants or it may be confined to 
only one. When a line is extended indefinitely, it will pierce 
at least one and sometimes two or three of the principal 
coordinate planes at points called the piercing points of the 
line. These points are of such importance that the letters 
H, V, and P are used exclusively to indicate their location 
on the respective coordinate planes. The projections of 
these three points for the general inclined line AB of Fig. 22 
are determined as follows: 

H piercing point. The V projection of the H piercing 
point must lie on the horizontal ground line, because the 
point itself is on the H plane; it must also lie on the V pro- 
jection of the line, hence at their intersection, h’. 
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The H projection of the H piercing point must lie on the 
H projection of the line; it must also lie on the perpendicu- 
lar to the horizontal ground line through h’, hence at their 
intersection, h. The profile projection, hs, of the H piercing 
point is found by means of h and h’ or by extending the pro- 
file projection of AB to the horizontal ground line, as shown 
in the figure. 

V piercing point. The V piercing point of a line may be 
found by methods of locus reasoning similar to that used for 
the H piercing point. The sequential steps are summarized 
in rule form thus: Extend the H projection of the line until 
it intersects the horizontal ground line to obtain v. Erect a 
perpendicular to the ground line at v until it intersects the 
V projection of AB atv’. 

The profile projection, v2, is obtained from v’ and v or by 
extending ab. to the vertical ground line, as shown in the 
figure. 

P piercing point. The horizontal and vertical projections 
of all points in the P plane must be in the vertical ground 
line. The vertical projection of the P piercing point must 
also be on a/b’. Therefore p’ must be at the intersection of 
a’b’ and the vertical ground line. Likewise, the horizontal 
projection, p, of the P piercing point must be at the inter- 
section of ab with the vertical ground line. The profile pro- 
jection, p2, of the P piercing point may be obtained by use 
of p’ and p or by means of either of these projections and 
d2b>, as shown in the figure. 

In finding the H and V piercing points of a line that is 
parallel to the profile plane and inclined to the other coordi- 
nate planes, difficulty is experienced in applying the fore- 
going rules because the H and V projections of the line are 
perpendicular to the ground line. This difficulty is overcome 
by first obtaining the profile projections, h» and v., of the 
H and V piercing points of the line. In Fig. 28 the line AB 
has been projected upon the P plane as a2bz, and hz and vs 
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have been obtained as shown. The vertical projection of 
the point V is on a’b’ produced and also on a horizontal 
with v2, therefore at v’. The horizontal projection of the 
point H is on ab produced and also at a distance from the 
horizontal ground line equal to the distance of hz from 
the vertical ground line, therefore at h. The projections 
h’ and v are on the horizontal ground line as in Fig. 22. 





Fic. 28. Piercing points of special lines 


Fig. 23 also shows the method of obtaining the piercing 
points of lines that are perpendicular to the H and V planes, 
respectively, as indicated for the lines CD and EF in the 
second part of the figure. 


19. True length of a line 


It is readily understood that the orthographic projection 
of any line on a coordinate plane to which the line is parallel 
shows the true length of that line. Of the seven lines which 
may be drawn in characteristic positions relative to the H, 
V, and P planes, six are codrdinate-plane-parallels. Their 
true lengths are shown on the principal codrdinate planes 
to which they are parallel (see Figs. 17 6 to 17g, inclusive). 
Only one line of the seven is inclined to all the codrdinate 
planes. In Fig. 24 an auxiliary codrdinate plane 3 has been 
set up parallel to this inclined line. This is done by making 
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Fig. 24. True length of an inclined line 


0-3 parallel to ab. The line is now a plane-parallel with 
reference to plane 8. The projection a3); of the line AB on 


plane 3, therefore, 
is the true length 
of the line AB. 
This use of aux- 
iliary coordinate 
planes constitutes 
the first reason for 
their existence. 

A simple exten- 
sion of the princi- 
ple just explained 
to acommon prac- 
tical use is shown 
in Fig. 25, where 
an auxiliary coor- 
dinate plane 3 has 
been set up, not 











Fic. 25. Auxiliary view of bracket 


parallel to one line only on the object, but parallel to several 
lines, both straight and curved. The projections of these 
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lines upon plane 3, as shown in the auxiliary view in the 
right center portion of the drawing, represent not only the 
true lengths of the lines but also their correct angular and 
other space relations to one another, as well as the true 
shape of the face of the object which is projected. The 
ground line 1-3 is usually omitted in commercial drafting. 


20. Angle between intersecting lines 

If two intersecting lines are each parallel to the same 
principal codrdinate plane, the true angle X between them 
is shown by the angle their projections make with each other 
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Fic. 26. Angle between two lines 


on that codrdinate plane (see Fig. 26). Their projections on 
either of the other two principal codrdinate planes fall in a 
single straight line parallel to a ground line, as the figure 
illustrates for the vertical projections. 

Of course, either one or both of two intersecting lines may 
not be parallel to a principal codrdinate plane, in which case 
the use of the auxiliary codrdinate planes will prove effec- 
tive. The arrangement of the auxiliary planes, however, 
may be rather involved; hence discussion of these condi- 
tions will be deferred to later paragraphs. A simple ex- 
ample is shown in Fig. 27 to emphasize the importance of 
using auxiliary coordinate planes when none of the pro- 
jections on the H, V, or P planes give the true value of 
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the angle X. Because the projections of the two lines on 
one codrdinate plane happen to fall in a straight line, in 
this case acb, it is possible to set up the auxiliary plane 
directly. 

A single exception to the general rule that both lines must 
be parallel to a codrdinate plane in order that the true angle 
between them may show on the plane, occurs in the case of 
two lines in space which make an angle of 90° with each 





Fic. 27. Angle between two lines 


other. If only one of two such lines is parallel to a coor- 
dinate plane, the true angle of 90° shows on that plane. 
Fig. 28 illustrates the reason for this exception to the gen- 
eral rule. 

In the figure the face ABCD of the solid object is drawn 
parallel to the vertical plane; hence each line in this face of 
the object is parallel to the V plane. The face CBGK is per- 
pendicular to the vertical plane and projects upon it in a 
straight line, b’c’ or g’k’; hence any line in this face of the 
object will project upon the vertical plane in 6’c’. 

First consider the perpendicular lines AB and BC, both 
of which are parallel to the V plane. Their vertical projec- 
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tions, a’b’ and b’c’, make an angle of 90° with each other; 
their horizontal projections, ab and be, coincide. These con- 
ditions are in accord with those of the general rule expressed 
in the first paragraph of this article. Next consider the 
perpendicular lines AB and BE, only one of which, AB, is 
parallel to either codrdinate plane shown in the figure. The 
vertical projections, a’b’ and b’e’, of the two lines show the 
true angle of 90° between the lines, while their horizontal 
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projections make an unknown angle with each other. Simi- 
larly, the perpendicular lines AB and BF have their vertical 
projections at 90° to each other and their horizontal pro- 
jections at an unknown angle. Therefore, it is repeated, 
when one of two intersecting 90° lines is parallel to a codrdi- 
nate plane, the projections of the two lines on that cooér- 
dinate plane will show the true value of the 90° angle. 
This important relation permits us to draw a great many of 
the projections of solid objects directly without the use of 
auxiliary planes or other devices. Probably no other fact 
of descriptive geometry has more manipulative and -practi- 
cal value to the student. He should master its every detail. 
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21. Parallel lines 


It may be stated as a proposition requiring proof that the 
corresponding orthographic projections of parallel lines are 
always parallel; and, conversely, if all the corresponding 
projections of lines are parallel, the lines themselves are 
parallel. The importance of these relations in descriptive- 
geometry work cannot be overstated. 

Fig. 29 shows two parallel lines, AB and CD, in the first 
quadrant. Through each line has been passed a plane 
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Fic. 29. Projections of parallel lines 


perpendicular to the H plane. These planes are parallel for 
the reason that each contains two lines that are parallel, re- 
spectively, to two lines of the other — AB is parallel to CD 
and Aa is parallel to Cc. The intersections of these two 
planes with the H plane must be parallel, by a well-known 
principle of solid geometry. These intersections are in 
reality the H projections of the lines AB and CD, which 
projections, therefore, are parallel. The same proof is ap- 
plicable to any other set of projections of the two lines. 
Care should be taken in applying the converse of this 
principle not to invalidate its use by restricting the pro- 
jections of the lines to two codrdinate planes. An exception 
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will seem to occur in the case of lines parallel to the P plane, 
where it is necessary to obtain the P projection of the lines 
before the H and V projections may be drawn. 

Perhaps the most common application of the principle 
explained in the preceding paragraphs is in connection with 
the drawing of a line in some indicated direction through a 
given point. The direction is best expressed in terms of 
parallelism to some line already drawn or to be determined. 
If, for example, in the first drawing of Fig. 30, it is known 
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that the two intersecting lines AB and BC are the two sides’ 
of a rectangle, the other two sides may be drawn by making 
their projections parallel to the curresponding projections of 
AB and BC respectively. 

When a given line is parallel to the profile plane and in- 
clined to the other two codrdinate planes, the profile pro- 
jection of the line to be drawn parallel to the given line must 
be obtained before its H and V projections can be found. 
In the second part of Fig. 30 is shown the procedure for 
drawing a line parallel to EF through the point O. The line 
EF and the point O are shown on the profile plane as eof. 
and 0, respectively. Through 02 is drawn 0292 parallel to 
€2f2, and of any length. The H projection of the point G is 
on a line drawn through o parallel to ef. Its exact location is 
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fixed by the usual return * constructions between the profile 
and horizontal projections of a point. Similarly, the V pro- 
jection of the point G is on a line through o’ parallel to e’f’.. It 
is determined definitely by the usual horizontal return con- 
struction from the profile projection, in this case from go. 
The line OG is now known to be parallel to the line EF. 


22. Perpendicular lines 


For purposes of definiteness only, the conception of. per- 
pendicular lines will be limited in this text to intersecting 
lines. A line lying in a plane that is perpendicular to an- 
other line will not be treated as perpendicular to the second 
line unless the two lines actually intersect, although, in a 
purely mathematical sense, they are so considered. Per- 
pendicular lines do not have their corresponding projections 
perpendicular, except as explained in Article 20. 


23. Line representation of plane and solid figures 

In plane geometry many figures were dealt with, such, 
for instance, as the triangle, square, rectangle, circle, and 
ellipse. These figures were always drawn on what we now 
know as the vertical or horizontal plane; that is, the fig- 
ures were assumed in or parallel to one of these planes. It 
is necessary in orthographic projection to represent these 
plane figures by several views and in whatever position in 
space they may be found. They will not, of course, project 
on any codrdinate plane in true size or shape unless they are 
parallel to the plane. This change of shape and size in pro- 
jecting plane figures is called foreshortening, because, if 
there is any change at all, a given line or area will always 
appear less rather than greater in extent when projected. 
The first drawing of Fig. 31 illustrates this point in the case 
of a parallelogram. 

* The process of locating the H and V projections of a point from and after either 


the profile or auxiliary projections have been determined is called ‘returning the 
point.” 
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All plane geometrical figures may be represented upon the 
cobrdinate planes by treating them as collections of straight 
or curved intersecting lines. However, without further deri- 
vation of principles and construction methods the student 
is limited in his solutions of problems to plane geometrical 
figures that are parallel to some codrdinate plane. The 
plane surface represented in Fig. 31 and referred to in the 
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preceding paragraph could not have been projected from its 
oblique position in space without the aid of principles and © 
methods developed in Chapter IV. 

Solids are bounded by collections of plane geometrical 
figures, by curved surfaces, or by combinations of the two. 
The second drawing of Fig. 31 represents a pyramid bounded 
by four plane triangles and one parallelogram. The two 
views of the solid were obtained by projecting each edge 
line upon the coordinate planes either as a separate entity 
or in conjunction with other edge lines of one or another of 
the bounding plane figures. Explanation of the method of 
constructing the projections must be deferred to Chapter IV. 
The item of importance to be noted here is that the repre- 
sentations of both plane and solid geometrical magnitudes 
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are made by means of the projections of lines that are either 
edge or contour lines on the object, as the case may be. 

The bounding surfaces of objects are considered opaque. 
This means that in some views certain lines or portions of 
them may be hidden from the observer by intervening 
opaque surfaces. These lines are called hidden or invisible 
lines. Such lines are indicated on the drawing by means of 
a broken-line or dash-line convention. This has been done 
in the case of the pyramid of Fig. 31. It should be noted 
that the same line may not appear invisible in both views. 
Only practice and careful analysis of the magnitudes in- 
volved and of their location in space can make the drafts- 
man expert in determining the invisible lines on an object 
as seen from different points of view. The importance of 
the invisible lines in reading and interpreting a drawing and 
in determining, from an unlettered drawing, the quadrant 
in which an object has been placed, cannot be too strongly 
emphasized. 

Since the determination of invisible lines on an object 
depends upon the location of the point of sight for each 
view, it is arbitrarily assumed that the observer is located 
above the object and the H plane when horizontal projec- 
tions or views are being drawn, in front of the object and 
the V plane when vertical projections or views are being 
drawn, and to the left of the object and the P plane when 
profile views are projected. This rule is not always adhered 
to in the case of the profile plane, as will be explained later. 


CHAPTER III 
REPRESENTATIONS OF PLANES 


24. Methods of determining and representing planes 


A plane is generated by moving a straight line so that it 
constantly touches two other parallel or intersecting straight 
lines. A plane is completely determined by a point and a 
line, by two intersecting or parallel lines, or by three points. 








Co Ae eae 


t 





Fic. 382. Plane of surface determined by two lines in it 


A plane is usually represented on an orthographic drawing by 
two or more intersecting lines or by two parallel lines. In 
Fig. 82 the triangle ABC and the quadrilateral DEFG are 
definite plane surfaces and are completely represented by 
the two projections shown. Any two lines, such as AB and 
BC of the triangle or DE and EF of the quadrilateral, would 
be sufficient to fix definitely the space characteristics of the 
planes, but any third line joining the two chosen lines may 


be substituted for either of them. 
38 
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Oftentimes it is advantageous to represent planes by 
two specially chosen intersecting or parallel lines called 
traces, that is, by the lines in which the planes, when pro- 
duced, intersect the codrdinate planes. In this text both 
the method of representation by traces and that by lines 
are employed. 


25. Traces of planes 


If any oblique plane in space is extended indefinitely, 
it will intersect all the principal and auxiliary codrdinate 





Fic. 33. Trace representation of a plane 


planes. These lines of intersection are called the H, V, P, 
and auxiliary traces, depending upon the codrdinate plane 
on which any particular trace is drawn (see Fig. 38). 
Traces are distinguished from projections of lines and 
solids by means of a conventional dash-dot line and by 
distinctive letters which are put on each end of this con- 
ventional line. A small letter with a subscript numeral cor- 
responding to the number of the codrdinate plane on which 
the trace appears is put on the end of each trace of the plane, 
except the vertical trace, where the prime marking is sub- 
stituted for the subscript. In addition, a capital letter is 
put at the intersection of the horizontal and vertical traces 
when these traces are produced to the horizontal ground 
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line. As a rule, the last letters of the alphabet are used 
for designating planes. Since planes are infinite in ex- 
tent, their traces 








“ Zs wos may be extended 
‘\ tee ‘i , atwill. Traces are 
x Ve Se ‘lettered as shown 
ye in the drawings of 

. Figs. 34 and 36. 
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; cept when they ex- 
tend across the horizontal ground line; then the capital 
and one small letter are used for designating the H and 
V traces. The capital letter is always read first. 


26. Intersection of traces on ground lines 

Further reference to the first part of Fig. 33 discloses the 
fact that the three traces of the plane there represented 
intersect in pairs on one or another of the ground lines. This 
must be so in every case where the plane itself intersects the 
ground lines. It should be observed that a trace of a plane 
is the locus of all points common to the plane and the corre- 
sponding coodrdinate plane. For example, t’t’ contains all 
the points that are in the plane T and that are at the same 
time in the V plane. 

It should be noted, further, from Fig. 33, that in the 
revolution of the H and P planes no change takes place in 
the location of the point of intersection of the H and V 
traces at T, nor does any change occur in the position of the 
point of intersection of the V and P traces on the vertical 
ground line. However, the point of intersection of the H 
and P traces is moved. It revolves to the right with the pro- 
file plane to determine a point on the horizontal ground line 
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through which the profile trace must pass, and it revolves 
down into the vertical ground line to determine a point 
through which the H trace must pass. The distance of each 
of these new positions of the point from the origin after the 
planes have been revolved is the same as the distance of the 
point of intersection from the origin before the planes were 
revolved. This relation is shown by the 90° construction 
arc joining the H and P traces. Fig. 35 shows the relation 
of the three principal traces and their points of intersection 
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on the ground lines when an oblique plane is placed in the 
different quadrants and at various inclinations to the coor- 
dinate planes. Discussion of the traces of general planes on 
the auxiliary codrdinate planes will be found in Article 30. 


27. Relations of general planes to the coordinate planes 


A plane of indefinite extent may be placed in seven char- 
acteristic positions relative to the three principal codrdinate 
planes. One or more of three descriptive words—“‘inclined,”’ 
‘parallel,’ and ‘perpendicular’ — must be used to indicate 
each of these positions. A plane may be 


1. Inclined to all three codrdinate planes; its H and V traces 
will be inclined to the horizontal ground line (Fig. 36 a). 

2. Perpendicular to the H plane and inclined to the V and P 
planes; the V trace will be perpendicular to, and the 
H trace will be inclined to, the horizontal ground line 
(Fig. 360). 





Fic. 36. The seven space positions of a plane 
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3. Perpendicular to the H and P planes and parallel to the V 
plane; the H trace will be parallel to the horizontal 
ground line, and the V trace will be at infinity (Fig. 36c). 

4. Perpendicular to the H and V planes and parallel to the P 
plane; the H and V traces will be perpendicular to the 
horizontal ground line (Fig. 36d). 

5. Perpendicular to the V plane and inclined to the H and P 
planes; the H trace will be perpendicular to, and the 
V trace will be inclined to, the horizontal ground line 
(Fig. 36 e). 

6. Perpendicular to the V and P planes and parallel to the H 
plane; the V trace will be parallel to the horizontal 
ground line, and the H trace will be at infinity (Fig. 36 f). 

7. Perpendicular to the P plane and inclined to the H and V 
planes; the H and V traces will be parallel to the hori- 
zontal ground line (Fig. 3649). 


[é" 
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The student should determine and describe for himself the 
profile trace of each of these characteristic planes. This is 
done by means of the relations established in the preceding 
article and illustrated for each characteristic plane in Fig. 37. 
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These seven typical positions or directions of a plane taken 
together constitute what is often termed the alphabet of a 
plane. The term “alphabet”? may be used even when the 
plane is confined to one quadrant upon definite expressed 
requirements, as is done in the case of some of the seven 
orthographic drawings of Fig. 36, or it may be used without 
reference to the extent or quadrant of the plane, the latter 
usage being preferred. The location of the profile plane has 
no effect upon the alphabet characteristics of a plane. 


28. Projecting planes 


In the foregoing summary of the relation of planes to the 
coordinate planes, numbers 2, 3,and 4 specify planes that are 
perpendicular to the horizontal plane. These planes are 
called H projecting planes for the obvious reason that the 
projection upon the H plane of a point, line, or plane 
geometrical figure lying in any one of them is coincident 
with the H trace of the projecting plane. In other words, 
such planes project anything that may be contained in them 
upon the H plane in a very real sense. Therefore the H 
trace of such a plane represents the H projections of innu- 
merable lines in the projecting plane itself. 

Likewise the planes of numbers 4, 5, and 6 of the sum- 
mary are called V projecting planes, and the planes of num- 
bers 8, 6, and 7 are called P projecting planes, for reasons 
similar to those indicated above for H projecting planes. 

When an auxiliary codrdinate plane is set up perpendic- 
ular to an oblique plane, as is done in Fig. 39, the oblique 
plane becomes a projecting plane with reference to the 
auxiliary plane. 

Enumeration of the important uses of projecting planes 
must be left until later, but mention of the fact that these 
planes are much like auxiliary coérdinate planes in their use, 
though represented by a different convention, will serve to 
emphasize their importance. 
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29. Parallel planes 


If any two planes are parallel, their respective traces are 
parallel; and, conversely, if all the corresponding traces of 
any two planes are parallel, the planes are parallel. This 
proposition needs no formal proof since it will be remem- 
bered from solid geometry that when two parallel planes are 
cut by a third, the lines of intersection are parallel. In the 
present instance, the H, V, P, or an auxiliary coordinate 
plane is the “third plane” and the traces of the two parallel 
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planes are the ‘“‘lines of intersection.” Fig. 38 will help 
the student to recall and apply these fundamental facts. 

As pointed out in the case of parallel lines, there will ap- 
pear to be an exception to the general rule when the planes 
are perpendicular to the profile plane if only the H and V 
traces are considered. In the second part of Fig. 38 there 
are shown two parallel planes perpendicular to the profile 
plane. In this case it is obvious that the third set of traces 
is necessary in order to know definitely that the planes are 
parallel. In fact, the profile traces of such planes must be 
drawn before the H and V traces can be finally determined. 
In no other case are the profile traces necessary to determine 
the parallelism of two planes. 
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30. Traces of general planes on auxiliary codrdinate planes 


The trace of any plane on an auxiliary codrdinate plane 
is obtained by the method shown in Fig. 39. In explanation 
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of the construction involved, it is pointed out again that the 
trace of a general plane on any coordinate plane is simply 
the line of intersection of the given plane with that coodrdi- 
nate plane. In Fig. 39 the auxiliary plane 3 has been set 





Fic. 40. Traces on auxiliary codrdinate plane 3 


up perpendicular to the H plane, and the line of intersection 
of plane T with plane 3 has been represented both as a trace, 
t3t;, and as a segment of a line, HV, in the first and second 
drawings respectively. The points H and V are in reality the 


REPRESENTATIONS OF PLANES 47 


piercing points of the trace t3t; in the H and V planes re- 
spectively. When the auxiliary plane is revolved about its 
ground line into the H plane, the point H does not move, and 
the point V falls on a perpendicular to 0-3 through v and ata 











Fic. 41. Trace versus line representation of planes 


distance from v equal to the height of the point V above the 
ground line. This construction is carried out in orthographic 
projection in the last drawing of the figure, and the auxiliary 
trace, t;t;, is drawn through the two points thus determined. 

In Fig. 40 the construction is shown for finding the auxil- 
lary trace of a plane when plane 3 is set up perpendicular to 
either the V or the P plane. 
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31. Comparison of trace and line methods of representing 
planes 

It is now possible to compare the two methods of repre- 
senting indefinite planes and plane figures and to point out 
the connections between them. In Fig. 41 the upper left 
front corner of the block has been cut away by the plane Q. 
The triangle ABC, thus formed, is properly represented by 
the two triangular line projections, abc and a’b’c’, as shown. 
The indefinite plane of the triangle ABC is represented by 
the traces Qq and Qq’. The two types of representation of a 
plane surface are connected intimately by the fact that the 
lines of the triangle, since they lie in the plane Q, pierce the 
coordinate planes in the traces of the plane Q, as the figure 
illustrates. This fact is of the utmost importance in the de- 
velopment of the subject matter to follow. 


CHAPTER IV 


FUNDAMENTAL RELATIONS BETWEEN POINTS, 
LINES, AND PLANES 


32. Problem procedure 


The discussions of the three preceding chapters have 
been chiefly for the purpose of developing the methods of 
representing points, lines, and planes on the various coor- 
dinate planes. The system of nomenclature to be used in 
distinguishing between the several magnitudes with which 
descriptive geometry deals, and also between their repre- 
sentations on the codrdinate planes, has been developed to 
a considerable extent. In the discussions to follow in this 
chapter, the fundamental relations which are continually 
met with in handling the point, line, and plane, both in the 
development of descriptive geometry and in practical en- 
gineering work, are presented in the form of problems to be 
analyzed and solved. The understanding acquirement of 
these fundamental relations and the principles upon which 
they depend will constitute the “working tools” of the stu- 
dent in his further progress. 

In attempting to assimilate and understand what is to 
follow, the reader must bear in mind that the problem and 
its solution are space affairs; they are matters within both 
the realm of imagination and that of logical reasoning. The 
constructions on paper must also be logical in arrangement 
and sequence. They are carried on with projections and 
traces as the mediums of expression and are simply multi- 
view representations of the space conditions. In most cases 
the following arrangement will be adhered to in the exposi- 


tion and solution of any problem: 
49 
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1. A statement of the problem to be solved. 

2. An analysis of the problem into its component parts, in- 
cluding a statement of each principle, fact, or relation to 
be used in effecting a solution. 

3. A chronological statement of the actual steps of construc- 
tion in setting up the problem and in obtaining its 
solution. 

4. A discussion of special conditions, if they are important. 


33. To assume a point or an inclined line in a given plane 


In Article 26 it was shown that the point of intersection of 
the H and V traces of a plane on the horizontal ground line 
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is a point in the plane. This point is shown as O in the plane 
T in the first drawing of Fig. 42. It is the easiest of all the 
points in the plane to assume. It is not, however, the most 
advantageous point to use. 

The traces of planes are, of course, composed of innumer- 
able points, any one of which may readily be shown in pro- 
jection, as is done for B, A, D, and E of Fig. 42. Since these 
points are in either the H or the V plane, one projection of 
each must be in the horizontal ground line. This will be the 
vertical projection for points like A and E, since they are 
in the H plane; it will be the horizontal projection for 
points like B and D, since they are in the V plane. 

In the second drawing of Fig. 42 the points D and E have 
‘been connected by a straight line. The line DE must lie, 
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for its entire extent, in the plane T, since both its ends are in 
the plane; therefore any point chosen at random on this 
line, such as M, must lie in the plane T. The point M is any 
point in space in the plane T and not in a coordinate plane. 
It is the point most advantageously chosen for general work. 
By joining other chosen points on the traces of the plane T 
lines may be secured in any quadrant and pointing in any 
direction in the plane, thus making it possible to select a 
point on a line in any specified position. 

Fig. 48 illustrates the general inclined line in all four 
quadrants, but always in the plane T, as is shown by the fact 
that the ends of the lines are 
in the traces of plane T. Ref- 
erence to Article 18 will serve 
to recall to the student that 
the ends of these lines are 
really the H and V piercing 
points of the lines and should, 
therefore, be lettered H and 
V, a procedure strictly ad- 
hered to in the remaining portions of this text. Further, it 
must be understood that a point H and its horizontal pro- 
jection, h, coincide. The letter H is not put on the drawing, 
since piercing points are always represented by their pro- 
jections, like other points in space. Similarly, a point V 
coincides with its vertical projection, v’, and point P coin- 
cides with p,. The point P is often represented by its H 
and V projections only. 





Fic. 43. Lines in a plane 


34. To assume a line parallel to any coordinate plane and 
in a given plane 

In Fig. 44 the effect of varying the inclination of a line in 

a plane, by holding one of its piercing points fixed and mov- 

ing the other along the corresponding trace, is shown. The 

point V, in the first drawing of the figure, is kept stationary — 
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while the point H is moved to successive positions H,, Hz», 
etc. on Rr. Finally, the H piercing point is moved to in- 
finity on the H trace. The H projection of the line becomes 
parallel to the H trace,* and the V projection becomes par- 
allel to the horizontal ground line. Only a segment, VA, of 
this line can be lettered. The line VA is parallel to the H 





Fic. 44, H-, V-, and P-parallels of an oblique plane 


plane and is in the plane R; therefore it is said to be an 
H-parallel of (in) the plane R. The position of the line VA in 
space and the relations described in this paragraph, as weil 
as those of the succeeding paragraph, may be more clearly 
understood with the aid of the pictorial sketches directly 
below the orthographic drawings of the figure. 

In the second drawing of Fig. 44 the H piercing point 
remains fixed and the V piercing point is moved along the 


* Parallel lines are assumed to meet at infinity in considering the higher geometri- 
cal relations. 
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V trace of the plane S to the successive positions V,, Vo, 
etc., and finally to infinity. The line HB results from this 
manipulation. Its V projection is parallel to the V trace of 
plane S, and its H projection is parallel to the horizontal 
ground line. It is a V-parallel of (in) the plane S. 

In the third drawing of Fig. 44 the points V and H are 
so chosen in the traces of the plane T that the line VH is 
a P-parallel of (in) that plane. Its H and V projections 
are perpendicular to the horizontal ground line, and its 
profile projection is parallel to the profile trace of the plane. 





b 
Fic. 45. H-, V-, and P-parallels of projecting planes 


If the given plane is a projecting plane (see Article 28) and 
the piercing point on the inclined trace is kept fixed while 
the other piercing point is moved to infinity along the corre- 
sponding trace, then the types of lines shown in Fig. 45 are 
obtained. The three lines illustrated in the figure are not 
only codrdinate-plane-parallels, but they are also perpen- 
dicular to one or another of the three principal codrdinate 
planes and hence have one of their projections a point. 

In Fig. 46 the line HV has been projected upon plane 3, 
to which it is parallel. The trace of the plane T on the auxil- 
iary plane 8 is ¢sts, parallel to h3v3. Since HV is in plane 
T and parallel to plane 3, it becomes a 3-parallel of (in) 
plane T. It will be noticed that the horizontal and auxiliary 
projections and traces, together with the ground line 0-3, 
are arranged in respect to each other in identically the same 
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way as are the projections, traces, and ground lines in the 
case of each plane-parallel of Fig. 44; in fact, the whole 
drawing may be turned so that 0-3 shall appear to be the 
horizontal ground line. The same constructions may be per- 
formed with 0-3 as the 
ground line that are 
possible with the orig- 
inal ground line as the 
line of reference. 

The several coordi- 
nate-plane-parallels of 
Figs. 44, 45, and 46 are 
very important lines 
in the solution of prob- 
lems. The following summary concerning them will aid 
in fixing in mind the characteristics of this most impor- 
tant group of lines. At least three coordinate planes must 
be used to make the statements in the summary perfectly 
general and applicable to every line and plane in space. 
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1. A plane-parallel of (in) a given plane has at least one pro- 
jection parallel to a ground line; another projection is 
parallel to a corresponding trace of the given plane. 

2. One piercing point is at infinity on the corresponding trace 
of the given plane; another piercing point is in the 
corresponding trace of the given plane and at a finite 
distance from the intersection of the trace with a 
ground line. ; 


35. To pass a plane through a given line which is inclined 
to the H, V, and P planes 


Analysis. Any number of planes may be passed through 
a line which is inclined to the codrdinate planes. The traces 
of every plane passed through such a line must contain the 
corresponding piercing points of the line and meet on the 
proper ground lines. 
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Construction. Given the line AB, Fig. 47. Produce AB 
until it pierces the coérdinate planes at the points V, H, 
and P. Draw the V trace, 
Tt’, through v’ and intersect- 
ing the horizontal ground 
line at any point T. Draw 
the H trace, Tt, through h 
and intersecting the ground 
line at 7. Draw t2t. through 
2, intersecting Tt’ on the 
vertical ground line. Plane 
T is the required plane. 

Fic. 47. General plane through an Fig. 48 indicates other 
inclined line Soa f 
characteristic planes which 
might have been selected to pass through the line AB 
instead of the plane T as shown in Fig. 47. They are 
projecting planes in each 
instance. It should be ob- Ne 
served that planes R and S 
can be passed through the 
line without even finding its 
piercing points, because one 
trace must contain the cor- 
responding projection of the 
line and the other trace 
must be perpendicular to Fic. 48. Projecting planes through 
the ground line. an inclined line 








Note. It is customary to require only the H and V representa- 
tions in the solution of problems. Hereafter, except when the solu- 
tion cannot be obtained readily without other representations, the 
constructions will be confined to the H and V planes. When the pro- 
jection of a line coincides with the trace of a plane, the drafting 
technique shown with Rr’ and a’b’, Fig. 48, is generally followed. 
This is in conformity with the general rule that a full-line projection 
shall take precedence over a broken-line representation. Care should 
be taken to show the exact point of change from one line to another. 
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36. To pass a plane through a given line which is parallel 
to a coordinate plane 


Analysis. Any number of planes may be passed through 
a line which is parallel to a codrdinate plane. Such a line 
has one piercing point at infinity. Any plane containing the 
line must have one trace passing through the corresponding 
available piercing point and the other trace parallel to the 
corresponding projection of the line. 

Construction One. Given the H-parallel AB, Fig. 49. 
Produce the line until it pierces the V plane at the point V. 
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Draw the V trace, Rr’, of the required plane through 0’ in 
any desired direction and intersecting the ground line at the | 
point R. Draw the H trace, Rr, through the point R, parallel 
to ab (see Fig. 44). Plane R is the required plane. 

Construction Two. Given the V-parallel CD, Fig. 49. 
Produce the line until it pierces the H plane at the point H. 
Draw the H trace, Ss, of the required plane through h in any 
desired direction and intersecting the ground line at the 
point S. Draw Ss’ through the point S parallel to c’d’ (see 
Fig. 44). Plane S is the required plane. 

Construction Three. Given the P-parallel EF, Fig. 49. 
Produce the line EF until it pierces the V plane at the point 
V and the H plane at the point H. This is done by first pro- 
jecting EF upon the profile plane at e.f. and extending eof, 
to the vertical and horizontal ground lines to locate v, and 
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h. respectively. Draw the V trace, Tt’, of the required 
plane through v’ in any desired direction and intersecting 
the horizontal ground line at the point T. Draw Tt through 
the points T and h. Draw tet», if needed, parallel to e.f. and 
through the point of intersection of Tt’ with the vertical 
ground line (see Fig. 44). Plane T is the required plane. 


37. To pass a plane through two intersecting lines 


Analysis. Only one plane may be passed through two in- 
tersecting lines. The H and V traces of the required plane 
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must contain the corresponding piercing points of each 
line, and they must intersect on the horizontal ground line. 

Construction One. Given the lines AB and CD, inter- 
secting at the point O, in the first drawing of Fig. 50. Pro- 
duce the two lines to pierce the V plane at the points V and 
V. respectively ; then produce the lines to pierce the H 
plane at the points H and H, respectively. Draw Rr’ 
through v’ and v,’ and intersecting the ground line at the 
point R. Draw Rr through h and h,;. Plane R is the re- 
quired plane. 

Construction Two. Given the lines EF and FG, inter- 
secting at the point F, in the second drawing of Fig. 50. 
Produce EF, an H-parallel, to pierce the V plane at the 
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point V. Produce FG, a V-parallel, to pierce the H plane 
at the point H. No other H or V piercing points are avail- 
able. Draw Ss’ through v’ parallel to f’g’ to intersect the 
ground line at the point S (see Fig. 44). Draw Ss through h 
parallel to fe. Plane S is the required plane. 

Notr. Always, in drawing the projections of lines and the traces 
of planes, two points on the projection or trace must be determined 
or one point and the direction must be known, in order to draw 
either representation. Direction is indicated by stating that the 
projection or trace is parallel or perpendicular to some other known 
line on the drawing or by stating the degree of inclination it shall 
have with another line. Wherever one of two or more intersecting 
lines is a plane-parallel, then the direction of one trace of the plane 
containing these lines is known, namely, parallel to that projection 
of the plane-parallel that is inclined to the ground line. 


Construction Three. Given the lines KM and NP, inter- 
secting at the point O, Fig. 51. The line KM is nearly 
parallel to the H and V 
planes; hence its H and 
V piercing points are out- | 
side of the limits of the 
drawing. Connect K and 
N by the straight line 
KN, as shown. The line | 
KN lies in the required 
plane by the definition of 
a plane (see Article 24). 

' Produce the line NP to 

Fig. 51. Plane ial intersecting obtain its H andV pierc- 

ing points. Produce KN 

to pierce the coordinate planes at points H, and V,. Draw 

tt’ through v’ and v,’. Draw tt through h and h,. Plane 
T is the required plane. 

Discussion. The traces of the plane T of Fig. 51 do not 
intersect on the ground line within the limits of the drawing, 
a result which was anticipated from the inclination of the 
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line KM. Had KM been parallel to the H and V coordinate 
planes, — both projections parallel to the ground line, — 
then the plane T would have been perpendicular to the 
profile plane and its traces would have been parallel to the 
corresponding projections of KM. In such a case the auxil- 
iary line KN could have been omitted, because the direction 
of each trace and a point on it would have been known. 

The method of drawing an auxiliary (helping) line which 
was employed in Construction Three to determine the plane 
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of two intersecting lines is also applicable to two parallel 
lines or to plane geometrical figures such as the triangle, 
parallelogram, circle, ellipse, or other plane curves. The 
points to be joined must be selected with care in order 
that the piercing points of the resulting lines may be within 
the limits of the drawing. Fig. 52 illustrates the use of 
these auxiliary lines in a few of the more important cases 
mentioned above. 

In each of the constructions of Figs. 50 and 52 the point 
of intersection of the H and V traces was determined as a 
check on the construction. It might have been used as a 
construction point, when available on the drawing, and one 
or another of the piercing points omitted. This will be done, 
hereafter, in many of the constructions. 
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38. To pass a plane through two given parallel lines 


Analysis. The traces of the required plane must contain 
the respective piercing points of each line and intersect on 





Fic. 53. Plane through parallel 
lines 


the ground line. 

Construction. Given the par- 
allel lines AB and CD, Fig. 53. 
Produce the lines AB and CD 
to obtain any three of their four 
piercing points. The line AB 
pierces the V plane at the point 
V. The line CD pierces the V 
plane at the point V,. It pierces 
the H plane at the point H,. 
Draw s’s’ through v’ and 0,’ to 


intersect the ground line at the point S. Draw Ss through 
h, and the point S. Plane Sis the required plane. 


39. To pass a plane through a given point and line 


Analysis. If the given point is joined to some chosen | 
point on the given line by a straight line, or if a line is drawn 
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through the point parallel to the given line, the plane of the 
two intersecting or parallel lines will be the required plane. 

Construction One. Given the point O and the line AB in 
the first drawing of Fig. 54. Connect the point O to the 


FUNDAMENTAL RELATIONS 61 


point B by the line OB, the projections of which are 0’b’ and 
ob. Produce the lines AB and OB to pierce the H plane at 
H and H, respectively. Produce OB to pierce the V plane 
at V. Draw Rr through h and h, to intersect the ground 
line at the point R. Draw Rr’ through v’ and point R. 
Plane R is the required plane. 

Construction Two. Given the point O and the line CD in 
the second drawing of Fig. 54. Connect the point O to the 
point E on the line CD pro- 
duced, so that o’e’ is paral- 
lel to the ground line. The 
line OE is an H-parallel. 
Find the V piercing point 
of OE and the H pierc- 
ing point of CD. Draw the 
trace Ss through h parallel 
to oe. Draw Ss’ through 
v’ and the point S. Plane 
S is the required plane. 

Construction Three. Given the point O and the line AB, 
Fig. 55. Draw the line OF parallel to the line AB. The pro- 
jections are o’f’ and of. Produce the lines AB and OF to 
pierce the H and V planes at the three piercing points H, 
V, and H,. Draw Tt through h and h, to intersect the 
ground line at the point 7. Draw Ti’ through v’ and the 
point 7. Plane T is the required plane. 
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40. To pass a plane through three given points 


Analysis. If one of the given points is connected to the 
other two, two intersecting lines are obtained. The plane of 
these two lines is the required plane. 

Construction One. Given the three points A, B, and C 
in the first drawing of Fig. 56. Connect the point B to the 
points A and C to obtain the intersecting lines AB and BC. 
The H and V piercing points of these two lines are H and H,, 
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V and V,, respectively. Draw Rr through h and h;. Draw 
Rr’ through v’ and v,’. Plane R is the required plane. 
Construction Two. Given the points D, E, and F in the 
second drawing of Fig. 56. Connect the point D to the point 
E by a straight line, and draw the line FG so that the point 
G is on the line DE and f’g’ is parallel to the ground line. 


t 





Fic. 56. Plane through three points 


Find the H piercing point of the line DE and the V pierc- 
ing point of the line FG. Since the line FG is an H-parallel, 
Ss is drawn parallel to fg through h; Ss’ is drawn through 
v’ and the point S. Plane S is the required plane. 


41. To pass a plane through a given point and parallel to a 
given line 


Analysis. Any number of planes may be passed through 
a point parallel to a given line. If a line is drawn through 
the given point parallel to the given line, any plane contain- 
ing this line will be the required plane. 


42. To pass a plane through one given line and parallel to 
another given line 


Analysis. If from some chosen point on the one line 
an auxiliary line is drawn parallel to the second given 
line, the plane of the two intersecting lines will be the 
required plane. 
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43. To pass a plane through a given point and parallel to 
two given lines 

Analysis. The required plane must contain two lines 
drawn through the given point parallel to the two given 
lines. 

Construction. Given 
the point O and the 
lines AB and CD, 
Fig. 57. Through the 
point O draw the line 
OM parallel to AB 
and the line ON par- 
allel to CD. Produce 
OM and ON to pierce 
the H and V planes at Fic. 57. Plane through a point parallel to 
the points H and Hi, aay’ 

V and V,, respectively. Draw tt through h and h, to in- 
tersect the ground line at the point 7. Draw Tt?’ through 
v’ and v,’. Plane T is the required plane. 





44. To pass a plane through a given point and parallel to a 
given plane 

Analysis. Only one plane may be passed through a given 
point parallel to a given plane. The required plane must 
have its traces parallel to the corresponding traces of the 
given plane (see Article 29). It must contain two lines 
drawn through the given point parallel to any two lines of 
the given plane. 

Construction One. Given the point O and the plane S 
in the first drawing of Fig. 58. Through the point O draw 
the lines OA and OB parallel, respectively, to imagined H- 
and V-parallels of the plane S. The two available piercing 
points of the lines OA and OB are V and H respectively. 
Draw Rr’ through v’ parallel to Ss’ or o’b’, and draw Rr 
through h parallel to Ss or oa. Plane R is the required plane. 
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Construction Two. Because of the fact that the traces of 
the required plane must be parallel to the corresponding 
traces of the given plane, only one of the lines of Construc- 
tion One of Fig. 58 need be drawn to obtain a solution. In 
the second part of the figure the point O and the plane Q are 
given. Draw OC parallel to an imagined H-parallel of the 
plane Q. The H trace, Qq, may be considered an H-parallel 
of the plane Q for the purpose of making this construction ; 
its V projection is in the ground line. Produce OC to pierce 





Fig. 58. Plane through a point parallel to a plane 


the V plane at the point V. Draw Tt’ through v’ parallel to 
Qq’. Draw Tt through 7 parallel to Qq and oc. Plane T is 
the required plane. 
Discussion. If the given plane is a projecting plane, the 
required plane may be passed directly without the inter- 
mediate step of drawing a line through the given point. 


45. Lines perpendicular to planes 


Thus far the fundamental relations between lines and 
planes have been confined to those which may be expressed 
by means of the phrases “inclined to” or “parallel to.” 
Another important relation between a line and a plane is 
that of perpendicularity. When a line is perpendicular to a 
plane, its projections are perpendicular to the corresponding 
traces of thé plane and, conversely, if the projections of a 


line are perpendicular to the corresponding traces of a plane, 
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the line is perpendicular to the plane. The usefulness of this 
relation cannot be overstated. 

The proof of the relation cited in the previous paragraph 
may be visualized with the aid of the first drawing of Fig. 59. 
The line AP is perpendicular to the plane T. Through the 
line AP a plane R is passed perpendicular to the H plane. 
Plane R is the H projecting plane of the line AP and is also 
perpendicular to the plane T, since it contains the line AP, 
which is perpendicular to the plane T. The plane R, being 
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perpendicular to both planes T and H, must be perpendicu- 
lar to Tt, their line of intersection. Tt is the H trace of the 
plane T and is perpendicular to all lines in plane R passing 
through point M, the point of intersection of the H traces 
of planes Rand T. The line (projection) ap is in the plane R, 
passes through the point M, and is at the same time the H 
projection of the line AP. Therefore ap is perpendicular to Tt. 

By the use of the V projecting plane of the line AP, it can 
be shown that the V projection of AP and the V trace of 
plane T are also perpendicular. Similarly, it can be shown 
that the projection of AP on any coordinate plane will be 
perpendicular to the trace of plane T on that plane. The 
second drawing of Fig. 59 shows these relations in the usual 


orthographic projections. 
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In drawing a line through some point O in space perpen- 
dicular to a P projecting plane, such as the plane S in the 
first drawing of Fig. 60, or in passing a plane through a point 
O in space perpendicular to a line which is a P-parallel, such 
as the line CD in the second drawing of Fig. 60, it is almost 
always necessary to apply the principle just explained on a 
third plane of projection before the H and V representa- 
tions may be determined. This is so in the first instance © 
because any number of lines can be drawn through a point 
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with their H and V projections perpendicular to the corre- 
sponding traces of a P projecting plane, yet there can be 
only one line through a given point perpendicular to sucha. 
plane. Similarly, in the second instance any number of 
planes may be passed through a given point with their H 
and V traces perpendicular to the corresponding projections 
of a P-parallel, yet only one plane can be passed through the 
point perpendicular to the line. In the figure the profile 
plane was used as the third codrdinate plane, although any 
auxiliary plane would have served the purpose. 


46. Parallel and perpendicular relations of lines and planes 


It is now possible to state in summary form the relations 
of parallelism and perpendicularity between two lines, two 
planes, or a line and a plane, in terms of the corresponding 
relations between their projections or traces, as follows: 
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1. If two lines are parallel, their corresponding projections are 
parallel; and, conversely, if the corresponding projec- 
tions of two lines are parallel, the lines are parallel (see 
Article 21). 

2. If two planes are parallel, their corresponding traces are par- 
allel ; and, conversely, if the corresponding traces of two 
planes are parallel, the planes are parallel (see Article 29). 

3. If a line is perpendicular to a plane, its projections are per- 
pendicular to the corresponding traces of the plane; 
and, conversely, if the projections of a line are perpen- 
dicular to the corresponding traces of a plane, the line 
is perpendicular to the plane (see Article 45). 

4. If two lines are perpendicular, their corresponding pro- 
jections cannot be perpendicular. 

5. If two planes are perpendicular, their corresponding traces 
cannot be perpendicular. 

6. If a line is parallel to a plane, its projections cannot be 
parallel to the corresponding traces of the plane. 


The first three statements of relations in the preceding 
summary are positive in character and may be utilized in 
the solution of problems; the last three statements are 
negative in character and are useful only in preventing 
erroneous solutions. In both groups it is necessary, in 
special cases, to apply the rules to more than two coordinate 
planes, as was done in Fig. 60, in order to eliminate appar- 
ent exceptions to their universal applicability. 


47. To pass a plane through a given point and perpendicular 
to a given plane 

Analysis. Any number of planes may be passed through 
a point perpendicular to a given plane. Any one of these 
planes will contain a line drawn through the given point 
and perpendicular to the given plane. 

Construction. Given the point O and the plane T, Fig. 61. 
Draw OA perpendicular to the plane T; 0’a’ is perpen- 
dicular to Tt’, and oa is perpendicular to Tt. Any one of 
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the planes Q, R, S, and U, in the first and second drawings 
of the figure, passed through OA at various inclinations to 
the H and V planes, is the required plane. 

Discussion. In Fig. 61 plane R is perpendicular to the 
horizontal plane and plane U is perpendicular to the verti- 
cal plane. These planes may be transformed into auxiliary 
coérdinate planes by merely changing the traces Rr and Uw’ 
to ground lines and omitting the other two traces alto- 
gether. This is what has been done in the third part of the 
figure, where an auxiliary coérdinate plane 3, represented by 
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the ground line 0-3, has been set up perpendicular to the H 
plane, and where another auxiliary codrdinate plane 8, rep- 
resented by the ground line 7-3, has been set up perpen- 
dicular to the V plane, each auxiliary plane being passed 
through a chosen point O. The P projecting plane S can be 
treated similarly to obtain a new ground line on the P plane. 
The constructions of this article may be utilized, therefore, 
in setting up auxiliary codrdinate planes perpendicular to 
other planes, giving the relation mentioned in Article 28. 


48. To pass a plane through a given line and perpendicular 
to a given plane 
Analysis. If from some chosen point on the given line an 
auxiliary line is drawn perpendicular to the given plane, the 
plane of the two intersecting lines will be the required plane. 
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Construction. Given the line 
AB and the plane T, Fig. 62. 
Draw the line BC perpendicu- 
lar to the plane T; 6’c’ is per- 
pendicular to Tt’, and bc is per- 
pendicular to Tt. Produce the 
lines AB and BC to intersect 
the H and V planes at H, V, g 
and V1. Draw Ss’ through a Fic. 62. Plane through a line 
and v,’ to intersect the ground perpendicular to a plane 
line at the point S. Draw Ss 
through the points S and h. Plane S is the required plane. 
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49. To pass a plane through a given point and perpendicular 
to two given planes 


Analysis. If two lines are drawn through the given point 
so that one of them is perpendicular to the first given plane 
and the other is perpendicular to the second given plane, the 
plane of these two intersecting lines is the required plane. 

Construction. The steps of construction here are like 
those of the preceding article except that two lines per- 
pendicular to the planes are drawn. 


50. To pass a plane through a given point and perpendicular 
to a given line 

Analysis. Any plane passed perpendicular to a line will 
have its traces perpendicular to the corresponding projec- 
tions of the line (see Article 45). If such a plane is passed 
at random, then a plane passed parallel to it (see Article 44) 
through the given point will be the required plane. 

Construction. Given the point O and the line AB, Fig. 63. 
Pass a plane T at random, but perpendicular to the line 
AB; Tt’ is perpendicular to a’b’, and Tt is perpendicular 
to ab. Draw the V-parallel, OH, through the point O and 
parallel to an imagined V-parallel in the plane T. The verti- 
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cal projection, o’h’, must be parallel to Tt’, and the H pro- 
jection, oh, must be parallel to the ground line. Pass the 
plane S through OH parallel to the plane T by drawing Ss 
through h parallel to Tt and by drawing Ss’ through the 

point S parallel to Tt’. Plane S 


ING b NS is the required plane. 

/* Cone Discussion. The line OH can 
a eens s be drawn without the aid of the 
| [fu = plane T, since its vertical projec- 
Ne y Va ; tion, being parallel to Tt’, must 
p/ ‘p! Yh be perpendicular to a’b’, and the 


traces of the plane S may be 
Fig. 63. Plane throughapoint grawn without the aid of the 
perpendicular to a line i 
traces of the plane T, since each 
trace of the plane S must be perpendicular to the corre- 
sponding projection of AB; hence it is customary to omit 
the plane T altogether in solutions of this problem. 
When the given line is an H-, V-, or P-parallel, the re- 
quired plane will be an H, V, or P projecting plane, respec- ’ 
tively, and may be passed directly without the aid of an 
intermediate line. 


51. To find the line of intersection of two given planes 


Analysis. By definition, the line of intersection of any 
two planes is a line that is common to the planes; in other 
words, it is the locus of points in the one plane that also 
lie in the other. Any two of these locus points, or any 
one of them and a stated direction, will determine the 
required line of intersection. Since the H and V piercing 
points of every line in the one plane lie in the respective H 
or V trace of that plane, and since the H and V piercing 
points of every line in the second plane lie in the respective 
H or V trace of that plane, the intersections of the corre- 
sponding traces of the two planes must be the respective 
H and V piercing points of the required line of intersection. 
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These two points may be used only when available on the 
drawing or when their positions can be definitely stated 
in direction from some other point on the line of intersec- 
tion that can be obtained; other- 
wise, two intermediate points on 
the line of intersection must be 
found by the method of Con- 
struction Five. 

Construction One. Given the 
two intersecting planes S and T, 
Fig. 64. Produce Ss’ and Tt’ to 
intersect at the point V, whose 
H and V projections are v and 
v’ respectively. Produce Ss and 
Tt to intersect at the point H with 
projections at h and h’. Join the points V and H by a 
straight line. The line VH is the required line of intersec- 
tion of the planes S and T. It may be produced in either 
direction indefinitely as the intersecting planes are extended. 

Construction Two. Given the two intersecting planes R 
and §S, with their 
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Fic. 64. Line of intersection 
of two planes 
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allel, Fig. 65. One . i 
. Va Ze hy. \ (as 

of the points on = Se W 


}' | 
the line of intersec- = : \ ‘i | 
tion is its H pierc- << : Sai ga \ VA 
ing point, obtained Nt ( ae 
as in Construction Si NG 
One. The V pierc- Fic. 65. Line of intersection of planes 
ing point of the 
line of intersection is at infinity, where the vertical traces 
of the planes meet. The projections of this point can only 
be indicated by direction arrows, as is shown in the figure. 
The projections of a segment, HA, of the infinite line, HV, 
can now be drawn, since a starting point and the direction 
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of each projection are known. Draw h’a’ parallel to Ss’ and 
Rr’. Draw ha parallel to the ground line. The point A is any 
chosen point on the infinite line HV. HA is the required line. 

Construction Three. Given the two intersecting planes 
T and W, Fig. 65. The plane T is a V projecting plane; 
hence the vertical projection of the line of intersection must 
lie in ¢’t’. Any line with its V projection parallel to the 
ground line must be an H-parallel, in this case, of the planes 
T and W; hence the other projection of the line of inter- 
section must be parallel to the H trace of the plane W. 
Obtain v’ and v as in Construction One. Draw v’a’, of any 
length, in ¢t’t’. Draw va parallel to Ww. The point A is 
any chosen point on the line VH with H at infinity. VA is 
the required line. 

Construction Four. Given the two intersecting planes 
S and T, Fig. 66. Obtain the V and H piercing points of 
the line of inter- 
section as in Con- 
struction One, —- 
they are together 
upon the ground 
line, as shown, and 
so do not deter- 
mine any definite 
line. This merely 
indicates that the 
line of intersection passes through the ground line at the 
coincident points H and V. Pass the plane R parallel to 
the plane S at some distance from it. Draw V,H,, the line 
of intersection of T and R. The required line of intersection 
of S and T must be parallel to V,H,, by solid geometry. 
Draw v’a’ parallel to v,’h,'’._ Draw va parallel to v:h,. VA 
(or HA) is the required line of intersection. 

Construction Five. Given the two intersecting planes 
U and W, Fig. 66. Obtain h and h’ as in Construction One. 





Fic. 66. Line of intersection of planes 
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The V traces do not intersect within the limits of the draw- 
ing; hence the V piercing point of the line of intersection 
is not available. Pass the plane X parallel to the H plane, 
as shown in the figure. Find the lines of intersection of 
planes X and U and planes X and W, in turn, by the method 
of Construction Three. They are VA and V,B respec- 
tively. VA and V,B, being common to plane X, must inter- 
sect, which they do at the point O. The point O is in all 
three planes; hence it must be on the line of intersection of 
any two of them and therefore on the line of intersection of 
planes U and W. Joinh to o and h’ to o’ to obtain HO, the 
required line of intersection. 

Discussion. It should be noted that the methods of Con- 
structions Four and Five may be applied to practically any 
arrangement of the two planes. The student must use his 
judgment and skill in selecting the proper construction to 
use. Some lines of intersection may be obtained by inspec- 
tion and should be drawn without the aid of any of the 
methods demonstrated. Finding the line of intersection of 
two planes is a very common procedure in obtaining the 
solutions of more advanced problems. The methods here 
explained should be mastered by the student in every de- 
tail. The procedures to be followed when both planes are 
represented by definitely bounded plane figures are demon- 
strated in Articles 92, 98, and 94 of Chapter V. 


52. To find the point in which a given line pierces a given 
plane 


Analysis. The point in which a line pierces a given plane 
will lie in any plane which may be passed through the given 
line. Since the piercing point must lie in the given plane and 
in the plane passed through the given line, it will be found in 
the line of intersection of the two planes. Since the required 
point is in the given line and the line of intersection of the 
two planes, it will be at the intersection of these two lines. 
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If the given plane is a projecting plane, the piercing 
point may be found without passing a plane through the 
given line. 

Construction One. Given the line AB and the plane S in 
the first drawing of Fig. 67. Pass the H projecting plane R 
through the line 
AB (Article 35). 
The line of inter- 
section of planes S 
and R is VH, with 
projections v'h’ and 
vh. The point of 
intersection of VH 
and AB produced 
is P, the required 
piercing point. Its 
projections are ob- 
tained by extend- 
ing a/b’ to intersect v’h’ at p’ and erecting a projecting | 
line to intersect ab and vh at p. 

Construction Two. Given the line EF and the definite 
plane surface ABCD in the second drawing of Fig. 67. Pass 
the H projecting plane X through the line EF, as in the first" 
step of Construction One. The surface ABCD may be rep- 
resented by an unlimited oblique plane with definitely deter- 
mined traces, and the solution may be obtained by following 
out the second and third steps of Construction One. How- 
ever, since the line of intersection obtained in the second step 
of the preceding construction in the present case runs only 
from one side of the parallelogram to another, that is, from 
the piercing point of AB in plane X to the piercing point 
of CD in the same plane, it may be obtained without the 
use of the conventional plane through ABCD, as follows: 
Find the intersection of ab and Xz at p,. Erect a vertical 
projecting line through 7, to intersect a’b’ at p,’. P, is the 








Fic. 67. Point in which a line pierces a plane 
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piercing point of AB in plane X. Ina similar manner locate 
p2 and p2’. Ps» is the piercing point of CD in plane X. Join 
P, and P, by astraight line. P,P, is the line of intersection 
of the plane X and the plane surface ABCD, and corresponds 
to VH in Construction One. The given line EF intersects 
the line P,P, at P, the required piercing point. 

Construction Three. Given the line AB and the plane S, 
Fig. 68. Set up the auxiliary codrdinate plane 3 perpen- 
dicular to the plane S and to the V plane (see Article 47). 
The projection of AB on plane 3 
is a363, and s3s3 is the trace of 
plane S on plane 8; both are ob- 
tained by the usual construc- 
tions and are fully shown in the 
figure. Plane S becomes a pro- 
jecting plane with reference to 
plane 3, its vertical trace being 
perpendicular to the ground line 
1-3; hence the piercing point of 
the line AB in the given plane Fic. 68. Point in which a line 
may be located by means of the SS ae a 
plane-3 view in the same manner as were P, and P, in 
Construction Two. The auxiliary trace, s3s3, is the edge- 
wise view of plane S; therefore this trace will contain all 
auxiliary projections of points, lines, or other magnitudes 
which may be in plane 8. Produce a3b; until it intersects 
$383 to locate p;. By means of the proper return projecting 
lines, p’ and p are located on a’b’ and ab respectively. P is 
the required piercing point. 

Discussion. The method of Construction Two is the 
practical or drafting-room method of obtaining the point 
in which a line pierces a plane, with lettering and ground 
line omitted, of course. 

The short-cut construction for finding the point in which 
a line pierces a projecting plane, used in the two inter- 
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mediate steps of Construction Two to obtain P; and Pz, 
should be used in all problems where applicable. 

In orthographic projection the constructions for finding 
the point in which a line pierces a plane are utilized in 
obtaining the projections of any magnitude on an oblique 
plane (see Article 53). In architectural drawing they are 
used to cast shadows, and in pictorial drawing they are used 
to obtain oblique and perspective projections. Chapter VII 
deals with the applications of the principle to these last- 
mentioned fields of drawing. 


53. To find the orthographic projection of a given line upor 
a given oblique plane when the line is not in the plane 


Analysis. By definition, the orthographic projection of a 
line upon a given oblique plane is the line joining the pierc- 
ing points, in the oblique plane, of the two perpendiculars 
dropped from the ends of the line to the plane. This line, in 
turn, must be represented by its projections on the cooér- 
dinate planes. 

Construction One. Given the line AB and the plane S 
in the first drawing of Fig. 69. From the point A, which is 
one end of the line, draw the line AC perpendicular to the 
plane S and of any length; a’c’ is perpendicular to Ss’, and 
ac is perpendicular to Ss (Article 45). The line AC pierces 
the plane S at As, by Construction One of the preceding 
article. The projection of As upon the V plane is a,’; upon 
the H plane it is a,. The notation A, is used instead of P 
for this piercing point because the point As is the projec- 
tion of the point A on the plane S and should be lettered 
in conformity with the plan adopted for the projections on 
the codrdinate planes. Similarly, draw the perpendicular 
BD and find the point Bs; in which it pierces the plane S; 
the projections are b,’ and b,. Join a,’ to b,’ and a, to by. 
The line A;B; is the required projection of the line AB 
upon the plane S. 
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Construction Two. Given the line CD and the plane T in 
the second drawing of Fig. 69. Set up the auxiliary coér- 
dinate plane 3 perpendicular to the plane T (Article 47). 
Obtain ¢;d; and f3t; in the usual manner. From point C 
draw CE perpendicular to plane T; the projections are 
C33, c’e’, and ce. Produce cze; to intersect tst; at c,,, the 
auxiliary projection of the point C;. By the proper return 
projecting lines, obtain c,’ and ¢,, in order and on c’e’ and ce 
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respectively. In the same way obtain d,,, d,’, and d,; by 
drawing the perpendicular DF with projections dsfs, d’f’, 
and df. Join Cy and D; to obtain the required projection of 
the line CD on plane T. 


54. Revolution of an oblique plane into a coordinate plane 


It has already been explained how an oblique plane may 
be passed through any plane geometrical figure which is 
oblique to the codrdinate planes and which is represented by 
two or more projections of its bounding lines. To carry out 
further constructions with this plane figure as a basis or to 
construct new figures in the same plane with it, it is neces- 
sary that the plane be revolved about one or another of its 
traces into the corresponding coordinate plane and all the 
drawings or geometrical figures on the plane be taken along 
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with it and shown in their revolved positions. The new or 
revolved position of the plane shows the exact relations of all 
the lines in the plane to one another. The significant points 
in the plane are lettered, after their revolution, in corre- 
spondence with their designation in space, as other pro- 
jections are, and the subscript letter r is attached to denote 
that the points are in revolved position and to keep them 
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Fic. 70. Revolution of an oblique plane and a point in it 


from becoming confused with the principal projections on 
the same sheet of paper. The turning movement just de- 
scribed is called the revolution of an oblique plane. 

To illustrate the principle involved in any revolution of an 
oblique plane and to explain the constructions required, the 
plane T, in Fig. 70, has been revolved about its horizontal 
trace into the H plane, and a single point A in the plane has 
been shown in its alternate revolved positions as a,, it being 
proper to turn the plane about its trace in either direction. 
The important things to be noted in the operation are 


1. The trace Tt is the axis of revolution about which the plane 
T turns, either through the acute angle © or the obtuse 
angle 180° — ©, at the will of the draftsman. 
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2. The point A in the plane T revolves in an H projecting 
plane R passed through the point A and perpendicular 
to the trace Tt. 

3. The point A falls at a, on a line in the H plane (H trace 
of R) through a and perpendicular to Ti, and at a dis- 
tance from T?t equal to the radius of revolution, CA. 

4. The radius of revolution, CA, is the hypotenuse of a right 
triangle, called the triangle of revolution, one side of 
which is the distance of A above the H plane (a’ to 
the ground line), and the other side of which is the 
distance of the H projection, a, from Tt, the axis of 
revolution. 


The space conditions portrayed in Fig. 70 have been put 
into the usual conventional scheme of representation in the 
first drawing of Fig. 71, where the plane T has been turned 
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about its H trace into the H plane. In order that the tri- 
angle of revolution may be constructed conveniently and its 
hypotenuse used as a radius to obtain a,, without any trans- 
lation of distances to or from a separately constructed 
triangle, the plane R is first turned about its H trace into 
the H plane. The triangle of revolution is caa,, correspond- 
ing to CaA in Fig. 70. A construction line has been sub- 
stituted for the trace of the plane R in Fig. 71, merely as a 
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matter of maintaining uniformity. It should be noted from 
Fig. 70 that the plane R could have been turned into the 
H plane in the opposite direction, and the triangle of revolu- 
tion would then have been as indicated by cadz, in the first 
drawing of Fig. 71. 

In the second drawing of Fig. 71 the construction for re- 
volving a plane about its vertical trace into the V plane has 
been shown. In this case the triangle of revolution is 
formed by using b’c’ as one side, b’b,, equal to the distance 
of b from the ground line, as the other side, and the hypote- 
nuse, c’b,, to close the triangle and obtain the radius of revo- 
lution. The point b, may be revolved in either direction to 
locate b,, as in the first case. 

In the third drawing of Fig. 71 the principle used in 
revolving a point has been applied to the line AB in the 
plane W. Here each end of the line has been revolved sepa- 
rately, beginning with the point B and using the V trace of 
the plane as the axis. Point B is in the plane W in front 
of the vertical plane, while point A is in the plane W and — 
behind the vertical plane. Therefore point A must fall on 
the opposite side of the trace from point B in the revolved 
position. Point V, on the line AB, being in the vertical © 
trace or axis, cannot move in the revolution of the plane; 
therefore a,b, must pass through v’, thus forming a check 
on the accuracy of the constructions. Had the H trace been 
used as the axis, a,b, would have been parallel to Ww and 
passed through h, which is at infinity on Ww, again mak- 
ing a convenient, though partial, check on the construction 
work. It should be noted further that not only are the two 
triangles of revolution similar but their corresponding sides 
are parallel, thus checking the constructions in another 
manner. The line a,b, is the true length of the line AB. 

It is seen that in the revolution of an oblique plane a 
method has been developed which will be found to have im- 
portant applications in the matter of the construction of 
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plane geometrical figures in any position in space. The only 
manipulations necessary are those of revolving the plane in 
which the figure is to be constructed into a codrdinate plane, 
constructing the specified figure by the rules of plane geom- 
etry, then turning the plane with its constructed drawings 
back into its original position and showing the projections 
or views of this figure upon the coordinate plane. This last 
step is called cownter-revolution of an oblique plane. Since the 
methods of counter-revolution are very important as work- 
ing tools, several in number, and quite varied in character, 
they are presented in the form of Constructions under a 
general problem heading in the next article. 


55. To construct any plane geometrical figure in a given 
oblique plane and about a point in the given plane 
as a center, and to show the projections of the figure 


Construction One. By tri- 
angles of revolution. Given 
the point O in the oblique 
plane T and the specification 
that a square, X inches on 
a side, is to be drawn in the 
plane with O as its center, 
Fig. 72. Revolve the plane 
T with the point O into the 
V plane about Tt’ as an axis. 
The point O falls at 0,, by the 
procedure of Article 54. The 
square a,b,d,e,, X inches on a 
side, is drawn about 0, as a es 

Fic. 72. Projections of a square in 
center, as shown. Through a echidue plate 
a, erect a perpendicular to Tt’ 
and intersecting it at c,’. With c,’ as a center and ¢,’a, as 
a radius, describe the arc a,a,, equal in angular measure- 
ment to the arc 0,0,. This will have been done if c,’a, is 
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drawn parallel to c’o,, that is, when angle a,c,’a, becomes 
equal to angle o,c’o,. From a, drop a perpendicular to a,c,’ 
produced to intersect it at a’, the vertical projection of the 
corner A of the required square. The H projection, a, is 
located above the ground line on a perpendicular through 
a’, at a distance z, equal to a’a,, from the ground line. In 
a similar manner locate the projections of the points B, D, 
and E. Join the corresponding 
projections in the proper order 
to obtain the complete projec- 
tions of the required square. 
Discussion. The horizontal 
projections of each point might 
have been readily determined, 
after each vertical projection 
was located, by the use of H- 
or V-parallels, as shown in 
Fig. 73, where V-parallels are 
used. It should be noted, 
further, that the angle o,c’o, 
is the measure of the angle ® 
Fig. 73. Projections of asquarein that the plane T makes with 
Seager’ the V plane and is, therefore, 
the angle all points in the plane T move through in the 
revolution and counter-revolution of the plane. 
Construction Two. By general inclined lines. Given the 
point O in the oblique plane T and the specification that a 
square, X inches on a side, is to be drawn in the plane with 
O as its center, Fig. 74. Revolve the plane T with the 
point O into the H plane about Tt as an axis. Point O falls 
at o,, by the procedure of Article 54. The square a,b,d,e,, X 
inches on a side, is drawn about o, as a center, as shown. 
Through o, draw the diagonal a,d,, a definite line in the 
plane T. Extend a,d, to intersect the H trace of the plane 
at H. This point is the horizontal piercing point of the line 
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AOD and does not move in either the direct revolution or the 
counter-revolution. Its projections areh and h’. Draw the 
projections oh and o’h’ of the line OH. Points A and D areon 
OH; hence their projections are on oh and o’h’. Through a, 
and d, extend perpendiculars to Tt until they intersect oh at 
a and d respectively. These are the horizontal projections 
of the two corners of the square. Erect vertical projecting 





Fic. 74. Projections of a square Fic. 75. Projections of a square 
in an oblique plane in an oblique plane 


lines through a and d to intersect o’h’ at a’ and d’, thus 
obtaining the vertical projections of the points Aand D. In 
a similar manner draw the diagonal b,e, and obtain the 
projections of the points B and E. Join both the H and 
V projections of the four points in turn by straight lines to 
obtain the projections of the required square. 

Construction Three. By H- or V-parallels. Given the 
point O in the oblique plane T and the specification that a 
square, X inches on a side, is to be drawn in the plane with 
O as a center, Fig. 75. Revolve the plane T with the point 
O into the H plane about Tt as an axis and draw a,b,d,e, as 
in Constructions One and Two. Select any point V, with 


84 DESCRIPTIVE GEOMETRY 


projections v’ and », in Tt’, and revolve it about T¢ into the 
H plane at v,. Draw Tt,’ through v, and the point T. This 
is the revolved position of the vertical trace. Any line in 
plane T parallel to Tt’ is a V-parallel and falls parallel to Tt,’ 
in revolved position. The H piercing point of such a line, 
being in the axis of revolution, does not move in the direct 
revolution or the counter-revolution. Through a, draw one 
such line and extend it to -Tt to obtain the point H, with 
projections h and h’. Through hand h’ draw the respective 
projections of this V-parallel, HF’, and of any length. The 
point A is on the line HF, since hf,, a portion of which is 
shown in the drawing, was drawn through a,. Counter- 
revolve a, by drawing through it a perpendicular to Tt 
and extending this line until it intersects hf at a, and by 
projecting vertically to h’f’ to obtain a’. The projections 
of the points B, D, and E are obtained by drawing other 
V-parallels and repeating the constructions used in obtain- 
ing the projections of the point A. 

Construction Four. By H- or V-parallels. The squares, . 
lettered a,b,d,e,, of Figs. 72 to 75, inclusive, might be 
counter-revolved by still a fourth construction, not illus- 
trated, in which H-parallels are used as the auxiliary lines 
with which to return individual points. For instance, in | 
Fig. 75 a line parallel to Tt through a, could be drawn 
and its v, located in Tt,’ by extending it to that trace. This 
point could then be returned in the manner indicated for 
the single », of the figure. The projections of the H-parallel 
might then be drawn through the projections of the point V, 
and a, returned to them as in Construction Three. 


56. Oblique planes versus auxiliary coérdinate planes in 
problem solutions 


The method of obtaining the solutions of space problems 


by means of the oblique plane, with its attendant simple 
constructions, should be sharply differentiated from the 
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more practical and more generally used method of obtain- 
ing them by means of auxiliary codrdinate planes. Most 
problems may be solved by either method. In numerous 
cases one method has marked advantages over the other. 
In the remaining portions of this chapter and in other 
chapters, problems will be solved in the main by both 
methods, except where one or the other proves too cum- 
bersome for practical use, or where other methods apply 
even better than either of them. They will be referred to 
as the oblique-plane method and the auxiliary-plane method 
respectively. 


57. Auxiliary coordinate plane 4 


Before it is possible to solve very advanced problems by 
the auxiliary-plane method, it is necessary to utilize a 
_second auxiliary plane set up perpendicular to an auxiliary 
plane 3 which has already been established at right angles 
to an H, V, or P plane. Any auxiliary codrdinate plane 
perpendicular to a plane 3 is designated as plane 4, and 
the projections of a point upon it are lettered the same 
as on other coordinate planes, with the addition of a sub- 
script 4 to each letter to correspond to the number of the 
auxiliary coordinate plane. This second auxiliary plane 
is revolved about its intersection with the plane 3 as a 
ground line into coincidence with the 3-plane and then 
carried into the H, V, or P plane when plane 3 revolves 
about its own ground line. The new ground line is marked 
3-4, as shown in Fig. 76. 

The projection a, in the first drawing of Fig. 76 is ob- 
tained by constructing a projecting line through a; perpen- 
dicular to 3-4 and laying off on it, from 3-4, the distance of 
a from 0-8. As stated in a previous article, this equality 
of distances between ground lines and corresponding pro- 
jections depends upon the fact that if any two codrdinate 
planes are set up perpendicular to a third codrdinate plane, 
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the projections of a point on the two planes will be found 
at equal distances from each of the two ground lines thus 
formed, after the planes have been revolved. In the first 
case of Fig. 76, the plane 4 and the H plane are both per- 
pendicular to plane 8. Therefore the H projection of the 
point A is the same distance, n, from the ground line 0-3 
that its projection on plane 4 is from the ground line 3-4. 





Fic. 76. Plane-4 projection of a point 


In the second part of the figure, plane 4 and the V plane 
are each perpendicular to plane 3; therefore b’ is the same . 
distance from the ground line 1—3 that b, is from the ground 
line 3-4. 


58. Direction of measurement of auxiliary-plane projections 


In obtaining the projections of one or more lines on either 
a plane 3 or a plane 4, care must be taken to determine on 
which side of the new ground lines the construction meas- 
urements are to be made. They will all be made on one side 
of a particular ground line only when the ends of the lines to 
be projected are all on one side of the codrdinate plane to 
which the auxiliary plane is perpendicular. In Fig. 77, for 
instance, the line AB is partly above and partly below the 
H plane; hence a; falls on one side of 0-3, the axis of revo- 
lution in the H plane, and b; on the other side. The H pierc- 
ing point of AB projects into the line 0-3 and does not move 
in the revolution of the 3-plane, as shown by the position 
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of hs. This fact furnishes a check on the constructions for 
a;and 63. The projection c; falls on the same side of 0-3 as 
does a, since the points A and C are both above the H plane. 
Again, in this same illustration the plane 3 has been set 
up in such a way that the line AC penetrates it at the point 
K, thus placing points A and B on the opposite side of the 
plane from C and causing c, to fall on the opposite side of 





Fic. 77. Plane-4 projections Fic. 78. Compact arrangement 
of lines of a four-view drawing 


3-4 from a, and b,. Here e,, at the intersection of a,c, with 
3-4, checks the constructions involved, as did h; in the case 
of the line AB. 

No general inclusive rule can be laid down governing the 
location of planes 3 and 4 other than that the views should 
be kept from overlapping as much as possible. Fig.78 shows 
a satisfactory arrangement of views in the case of the in- 
clined hexagonal prism. In commercial drafting, ground 
lines and the lettering on views are almost entirely dispensed 
with. This improves the appearance of the drawing and 
focuses the attention on the shape and size of the object. 
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59. Direction of revolution of auxiliary coordinate planes 

An auxiliary plane may be turned in either direction 
about its ground line. So long as only points and lines are 
involved, it will be a sufficient rule to follow that the plane 
be turned into the most available or open space on the draw- 
ing paper. In projecting solid objects or opaque surfaces, 
where the question of invisible lines is bound to arise, more 
restrictive rules must be adhered to. The drawings must be 
considered as views, that is, not merely abstract projections 
but things actually seen from some point of sight, and all 
lines on the object which are hidden from the observer must 
be represented by the usual broken-line or dash-line con- 
vention. This means that the point of sight, the location 
of the auxiliary planes, and their direction of revolution 
are fixed quite largely by practical considerations. 

In the United States most commercial or technical draw- 
ings are made in the third quadrant; in England they are 
made in the first quadrant. Both first-quadrant and third- 
quadrant drawings are used in this text in connection with ~ 
solid objects and opaque surfaces. The following defini- 
tions or rules apply with respect to the location of the point 
of sight and the direction of revolution of the auxiliary co- 
ordinate planes in all cases where practical considerations — 
control. The profile plane must also fall under the scope of 
these rules, as was suggested in Article 7, because in effect 
it becomes an auxiliary codrdinate plane when used in com- 
mercial drawing. 


1. In the first quadrant, the object is always between the 
observer and the codrdinate plane on which the object 
is being projected. In the third quadrant, the codrdi- 
nate plane is always between the observer and the 
object. 

2. In both first-quadrant and third-quadrant drawing, the 
direction of revolution of the codrdinate plane i is always 
away from the object. 
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3. The point of sight for each separate view (projection) is on 
a perpendicular to the codrdinate plane used for obtain- 
ing the view and at an infinite distance from the plane, 
although for all practical purposes the observer may 
assume that he is only far enough away from the object 
to obtain its correct contour and edge lines. This means 
that the observer should imagine himself free to move 
from point to point in order that he may place his eye 
in line with the various perpendiculars to the codrdinate 
planes. 


It will be noted that rule 2 modifies the hitherto cus- 
tomary practice of extending the profile plane into all four 
quadrants and revolving it in one direction only. When the 
magnitude to be projected is a solid object or an opaque 
surface and is confined to a single quadrant, the profile or 
auxiliary planes are not extended into quadrants other than 
the one in which the object is located. Only in the more 
general derivations of theory and principle is it essential 
that these planes be considered unlimited in extent or fixed 
in direction of revolution. 


60. Placing of auxiliary coordinate planes 3 and 4 


In the previous discussions of auxiliary coordinate planes, 
little has been said concerning the methods of setting up 
these planes in any but perfectly general positions. In 
Article 19 it was shown that a plane 3 may be placed par- 
allel to a given line by drawing its ground line parallel to the 
corresponding projection of the line. In a similar manner 
plane 4 may be set up parallel to any line. This scheme 
was used, in the case of the plane 3, to find the true length 
of a line. 

In Article 47 an auxiliary plane was set up perpendicular 
to an oblique plane to obtain an edgewise view of, the plane 
or of any geometrical figures in it. The most important 
practical uses of the auxiliary plane, however, are to be 
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found in its applications to problems which require it to 
be placed perpendicular to a line or parallel to the plane 
of two or more lines. The first application gives the so- 
called point-projection of a line, while the second gives the 
true angle between lines, areas of plane figures, and other 
necessary information in technical drawing. The methods 
and devices most commonly used to set up auxiliary planes 
in the positions indicated above are presented in the sub- 
sequent demonstrations. 


61. The auxiliary coordinate plane perpendicular to a line 


In the first drawing of Fig. 79, a 3-plane has been estab- 
lished perpendicular to the line AB by inspection, since the 
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Fic. 79. Auxiliary plane perpendicular to a line 


line AB is a plane-parallel (Article 50), and a;b; has been 
obtained as the point-projection of the line on plane 3. 
In the second drawing of the figure, the line CD is in- 
clined to all three primary planes; hence plane 3 is first 
set up parallel to CD and the projection ¢:d; is obtained 
in the usual way. Plane 4 may now be set up perpen- 
dicular to the line, since the line is parallel to plane 3, by 
drawing the ground line, 3-4, perpendicular to csd;. The 
point-projection of the line CD on plane 4 is c,d,. The 
relation between c3d3 and c,d, is the same as that of the ver- 
tical and horizontal projections of a line perpendicular to 
either the H or the V plane. 
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62. The auxiliary plane parallel to the plane of two or more 
lines 

In Fig. 80 the lines AB and BC are any two intersecting 
lines in space. The line CD is drawn parallel to the H plane 
and connecting the two lines. Plane 3 is set up perpendic- 
ular to CD as in Fig. 79, thus becoming perpendicular to the 
plane of AB and BC by the principle of solid geometry that 
a plane is perpendicular to another plane if it is perpen- 
dicular to any line in the second plane. Hence AB and BC 
will project on plane 8 as a straight line, a3b3cs, as shown. 





Fic. 80. Auxiliary plane parallel to plane of two lines 


Plane 4 can now be set up parallel to both AB and BC by 
drawing its ground line, 3-4, parallel to a;b;c;. Plane 4, 
therefore, is parallel to the plane of AB and BC, and aubac, 
shows the true angle X between the lines, as well as the true 
length of each line. 


63. The true length of a line 

The use of the auxiliary plane for finding the true length 
of a line was demonstrated in Article 19. In revolving the 
oblique plane of Article 54, a second method was demon- 
strated, because all lines in a plane are shown in their true 
lengths when the plane is revolved into one of the coordinate 
planes. Still a third method should be demonstrated, since 
it is practical and requires little construction detail. 
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Let the line AB, in the first drawing of Fig. 81, be re- 
volved about either the H or V projector of one extremity 
until it is parallel to the V or H coordinate plane respec- 
tively. Its projection on that plane to which it becomes 
parallel will show its true length. In the figure the H pro- 
jector of the point A is used as the axis and the line is turned 
about it, with point A fixed, until the line is parallel to the 
V plane. The point B does not rise or fall in the turning 
movement; hence its V projection moves only to the right 
or left horizontally, while its H projection moves in the arc 
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‘of a circle, with ab as a radius, until ab, becomes parallel to 
the ground line. The projections of the line AB in its new 
position are ab, and a’b,’. The true length of the line is a’b,’. 
The letters T. L. (true length) or T. D. (true distance) are 
used to identify this true-length projection on a drawing. 

The second part of Fig. 81 shows the method of construc- 
tion when a V projector of one end of the line is used as the 
axis of revolution, and also it shows the method of laying 
off a specified distance on a line of any length. A distance 
of X inches has been measured from the point ¢ to f, on 
the true-length projection, cd,, and the projections of the 
point F, thus established, have been found by reversing 
the revolution process used in obtaining the true length 
of the line CD. ; 
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64. To find the shortest distance from a given point to a 
given plane 

Analysis. The shortest distance from a given point to a 
given plane is the perpendicular distance from the given 
point to the given plane, or, in other words, it is the true 
length of this perpendicular from its piercing point in the 
plane to the given point. 

Construction One. Given the point O and the plane T 
in the first drawing of Fig. 82. Draw the line ON perpendic- 
ular to the plane T. The line ON pierces the plane T at the 





/ 
= 


Re-------- 


Fic. 82. Distance from a point to a plane 


point P, by Construction One of Article 52. The true length 
of the line OP is o’p,’, by the construction of the preceding 
article, which, therefore, is the shortest distance from the 
point O to the plane T. 

Construction Two. Given the point M and the planeS in 
the second drawing of Fig. 82. Set up the auxiliary coordi- 
nate plane 3 perpendicular to the plane S. The projection 
of the point M on plane 3 is mz, and s,s; is the trace of plane 
S on the auxiliary plane, by the usual constructions. Since 
the edgewise view of plane S on plane 3 is s3s3, and since the 
perpendicular from the point M to the plane S is parallel to 
plane 3, by construction, the perpendicular distance from 
the point M to the plane S shows directly on plane 3 as 
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ms3p3. The projections of MP are m’p’ and mp, each being 
drawn perpendicular to the corresponding trace of plane S. 

Construction Three. Given the point N and the plane 
triangle ABC in the third drawing of Fig. 82. Set up the 
auxiliary plane 3 perpendicular to the plane of the triangle 
by making 0-3 perpendicular to ac (see Article 62). The 
projections of the point N and the triangle ABC on plane 3 
are 23 and a3b3c3 respectively. Since the perpendicular 
from the point N to the plane of the triangle is parallel to 
plane 8, by construction, and since a3b3c3 is the edgewise 
view of the given triangle, the perpendicular distance from 
the point to the triangle shows directly on plane 3 as n3p3. 


65. To find the shortest distance between two parallel planes 


Analysis. The shortest distance between two parallel 
planes is the true length of a line drawn perpendicular to 
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the planes, beginning at a chosen point in the one plane and 
ending at the piercing point of the line in the other plane. 
Construction One. Given the two parallel planes S and T 
in the first drawing of Fig. 83. Select the point O in the plane 
S and draw the line OM perpendicular to the two planes. The 
line OM pierces the plane T at the point P. The true length 
of OP is op,, the required distance between planes S and T. 
Construction Two. Given the two parallel planes Q and 
R in the second drawing of Fig. 88. Set up the auxiliary 
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coordinate plane 3 perpendicular to the two planes. The 
auxiliary traces rsr3 and q3q3 are the edgewise views of the 
planes on plane 8; therefore any perpendicular between 
the planes will show in true length as a perpendicular line 
between the traces r3r3 and q3q3. 


66. To find the projections and true length of the shortest 
line from a given point to a given line 


Analysis. The shortest distance from a point to a line is 
the perpendicular distance from the point to the line. This 
distance will show truly on an oblique plane passed through 
the point and line after the plane has been revolved into a 
coordinate plane, or it will show directly on an auxiliary 
coordinate plane set up perpendicular to the given line as 
the distance between the point-projection of the line and the 
projection of the given point on the auxiliary plane. The 
projections of the perpendicular from the point to the given 
line will not be perpendicular to the corresponding projec- 
tions of the line (see Article 46). 

Note. If the given line is parallel to a codrdinate plane, the per- 


pendicular may be drawn directly, as explained in Article 20, and the 
true length found by any of the methods referred to in Article 63. 


Construction One. Oblique-plane method. Given the point 
O and the line AB in the first drawing of Fig. 84. Pass 
the plane T through the point O and the line AB by join- 
ing the point O to the point B and then passing the plane 
through the lines AB and BO. Only one trace need be 
drawn as an axis. Revolve the plane T, with the point O 
and the line AB, about Tt’ into the V plane. The point B 
falls at b,, O falls at 0, on v,’b, produced, and A falls at a, on 
v'b,. Draw o,m, perpendicular to a,b,. It is the true length 
of the required perpendicular. The point M is on AB, since 
m, is on a,b,; therefore, when M counter-revolves into its 
space position, its projections, m and m’, will be on ab and 
a’b’ respectively. The line OM is the required perpendicular. 
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Construction Two. Aucxiliary-plane method. Given the 
point K and the line CD in the second drawing of Fig. 84. 
Project the point and line upon the auxiliary codrdinate 
plane 8 which has been set up parallel to the line CD. These 
projections are k; and c3d; respectively. Set up auxiliary 
plane 4 perpendicular to the line CD; the ground line 3-4 
must be perpendicular to csds, by Article 61. The projec- 
tions of the point K and the line CD on plane 4 are k, and 
c,d, respectively. The projection k4n, shows the true length 


Rk 





Oy 
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of the required perpendicular from K to CD. Since CD is 
parallel to plane 3, k3n3 must be perpendicular to czd3, by 
Article 20. The projections n and n’ are returned from ns; 
in the usual manner and the H and V projections of KN are 
drawn to complete the construction. 


67. To find the shortest distance between two parallel lines 


Analysis. The shortest distance between two parallel 
lines is the perpendicular distance between them. This dis- 
tance will show truly on an oblique plane containing the two 
lines after the plane has been revolved into a codrdinate 
plane, or it will show directly as the distance between the 
point-projections of the two lines on an auxiliary codrdinate 
plane that is set up perpendicular to the lines. 
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Construction One. Oblique-plane method. Given the two 
parallel lines AB and CD in the first drawing of Fig. 85. 
Pass the plane T through the two lines AB and CD. Only 
one trace need be drawn. Revolve the plane T with the two 
lines about t’t’ into the V plane. The line AB falls at a,b,; the 
line CD falls at c,d... The perpendicular distance between a,b, 
and c,d, is the required distance between the two given lines. 

Construction Two. Auvziliary-plane method. Given the 
two parallel lines EF and GK in the second drawing of 
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Fig. 85. Set up the auxiliary coédrdinate plane 3 parallel 
to the two given lines and project them upon it at e,f; 
and g;k;. Set up the auxiliary plane 4 perpendicular to the 
two given lines and project them upon it at esf, and gska. 
The distance between e,f, and gk, is the required distance. 


68. To find the true size of the angle X between two inter- 
secting lines 


Analysis. The true value of the angle X between two 
given intersecting lines will show on an oblique plane con- 
taining the two lines when the oblique plane is revolved into 
a coérdinate plane, or it will show directly between the pro- 
jections of the two lines upon an auxiliary codrdinate plane 
set up parallel to the plane of the two intersecting lines. 
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Construction One. Oblique-plane method. Given the two 
intersecting lines AB and BC in the first drawing of Fig. 86. 
Pass the plane T through the two lines. Only one trace need 
be drawn. Revolve the plane T about tt into the H plane. 
The point B, the vertex of the angle X, falls at b,. Join 6, 
to h and h,, the points on the two lines which do not move 
in the revolution of plane T. The angle hb,h, is the required 
angle X. 

Construction Two. Auxiliary-plane method. Given the 
intersecting lines DE and EF in the second drawing of 
Fig. 86. Project the two lines upon the auxiliary codrdi- 
nate plane 3 which is set up perpendicular to the plane of 
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the lines. This is done by drawing the H-parallel, FC, inter- 
secting the two given lines and then drawing the ground line 
0-3 perpendicular to fe. The given lines project as a straight 
line, d3esf;, on this plane. Set up plane 4 parallel to the two 
given lines by making the ground line 3-4 parallel to dsesfs 
and project the lines upon this plane at dye.f,. Angle diesf, 
is the required angle X. 


69. To find the projections of the bisector of the angle be- 
tween two given lines 


Analysis. The bisector of an angle lies in the plane of the 


two lines forming the angle. Its projections do not bisect 
the angles formed by the projections of the lines. The bi- 
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sector will show in true position on an oblique plane con- 
taining the two lines when the oblique plane is revolved 
into a coordinate plane, or it will show directly on an auxil- 
lary coordinate plane set up parallel to the plane of the 
two intersecting lines. Its projections may be obtained 
by counter-revolution of the oblique plane or by the return 
of the auxiliary projection to H and V projections. 

Note. The bisector of the angle between two intersecting lines is 


the locus of points that are equidistant from the two lines and in their 
plane. 


Construction One. Oblique-plane method. Given the two 
intersecting lines AB and BC in the first drawing of Fig. 87. 
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Pass the plane T through the two lines. Only one trace need 
be drawn. Revolve the plane T about Tt into the H plane. 
The point B, the vertex of the angle between the two lines, 
falls at b,. Join b, to h and h,, the H projections of the H 
piercing points of the lines AB and BC respectively. The 
angle hb,i, is the true angle between the given lines. Draw 
the bisector, b,m,, of the angle hb,h;. Counter-revolve b,m, 
by using the H piercing point, H», of the line BM. Draw 
bh. and b’h.’. The line BH; is the required bisector. 
Construction Two. Auxiliary-plane method. Given the 
two intersecting lines DE and EF in the second drawing of 
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Fig. 87. Project the two lines upon the auxiliary coérdinate 
plane 3 set up perpendicular to the plane of the two lines; 
then project them upon a plane 4 set up parallel to the plane 
of the two lines to obtain the angle d,e,f, which the lines 
make with each other. Draw the bisector, e,n4, of the angle 
dieafa. The point N returns from its plane-4 projection, 74, 
to its plane-3 projection at n3, and to its V and H projec- 
tions at n’ and n respectively. The line EN is the required 
bisector. 


70. To draw a line through a given external point and mak- 
ing a specified angle X with a given line 

Analysis. Two lines may be drawn which will satisfy the 
given conditions, unless the given angle is 0° or 90°; then 
only one line may be drawn. The required lines will lie in 
the plane of the given point and line. The specified angle 
between the given line and the line to be drawn will show 
in its true value on this oblique plane when it has been re- 
volved into a coordinate plane, or the angle will show di- - 
rectly on an auxiliary coordinate plane parallel to the plane 
of the given point and line. The projections of the required 
line may be found by counter-revolution of the oblique 
plane or by the return of the auxiliary projection to H and © 
V projections. 

Construction One. Oblique-plane method. Given the line 
AB and the point C in the first drawing of Fig. 88. Pass the 
oblique plane T through the line AB and the point C by 
joining the points C and K to form two intersecting lines. 
Revolve the plane T into the H plane about tt. The line AB 
falls along hk,, although only a, is shown revolved in the 
figure. The point C falls at c, on k,hi. Draw ¢,m, making 
the required angle X with k,h. The point M on the line KH 
—m, is on k,h — counter-revolves into its space position 
with H and V projections at m and m’ respectively. Join 
the point C to the point M. The line CM is the required 
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line. A second line, CN, satisfying the given requirements 
can be obtained by drawing ¢,n, to hk, extended and making 
the angle X with it. 

Construction Two. Auxiliary-plane method. Given the 
line CD and the point E in the second drawing of Fig. 88. 
Project the line CD and the point E upon the auxiliary 
codrdinate plane 3, which is set up perpendicular to the plane 
of CD and E. This is done by drawing 0-3 perpendicular 
to ef, the H projection of an H-parallel joining the point E to 
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the line CD. Then project the line and the point upon plane 
4, which is set up parallel to the plane of the given point and 
line by drawing 3-4 parallel to c3e3d3. Draw en, making 
the required angle with c,d,. The projection en, returns 
in the usual manner to give the H and Y projections of 
EN, the required line. 


71. To find the acute angle X between a given line and 
plane 
Analysis. The angle between a given line and plane is the 
angle between the line and its projection on the given plane. 
The given line extended until it pierces the plane, its pro- 
jection on the given plane, and the perpendicular dropped 
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from any point on the line to the plane, form a right triangle, 
one acute angle of which is the required angle and the other 
acute angle of which is the complement of the required angle. 
This latter angle is the more readily constructed. 
Construction One. Oblique-plane method. Given the line 
AB and the plane S in the first drawing of Fig. 89. Draw 
the line BC perpendicular to the plane S. The angle ABC is 
the complement of the required angle between the line AB 
and the plane S. Pass the plane R through the lines AB 
and BC and revolve the plane about rr into the H plane. 
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Point B, the vertex of the angle to be measured, falls 
at b,. Join b, to h and h,, the respective H projections of 
the H piercing points of the lines AB and BC, which points 
do not move in the revolution. Angle hb,m, is the required 
angle X, since it is the complement of the angle hb,h,, the 
true value of the angle ABC, which would be identical with 
the angle a,b,c, were points A and C used in the revolution. 

Construction Two. Auxiliary-plane method. Given the 
line DE and the plane T in the second drawing of Fig. 89. 
Draw the line EF perpendicular to the plane T. The angle 
DEF is the complement of the required angle between the 
line DE and the plane T. Set up the auxiliary codrdinate 
plane 3 perpendicular to the plane of the lines DE and EF. 
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This is done by drawing 0-3 perpendicular to dk, the H 
projection of an H-parallel joining the lines DE and EF. The 
projections of the two lines on plane 3 are d3e3 and esf;. Set 
up auxiliary plane 4 parallel to the plane of the lines DE and 
EF. This is done by drawing 3-4 parallel to f;d3e;. The 
projections of DE and EF on this plane are dye, and euf,. 
Angle f,e,m, is the required angle X, since it is the comple- 
ment of fxesdy. 

Discussion. If the line BC in Construction One or the 
line EF in Construction Two had been drawn in the oppo- 
site direction, an obtuse angle would have been obtained in 
each construction as the complement of the required angle. 
Since the angle desired is the acute angle between the given 
line and plane, it may readily be obtained by subtracting 
90° from the obtuse angle. 

Since the projection of a line on a given plane lies in the 
line of intersection of the given plane with a plane that is 
passed through the line perpendicular to the given plane, it 
is often advantageous, in using Construction One, to meas- 
ure the angle between the given line and this line of inter- 
section directly to obtain the angle X. 


72. To find the angle X between two given planes 


Analysis. By definition, the angle between two given 
planes is the angle between two lines which have been 
cut from the planes by a third plane passed perpendicular 
to the line of intersection of the two given planes. Or 
if, from some chosen point in space, a perpendicular is 
drawn to each plane, these two perpendiculars and the 
two lines cut from the given planes by the plane of the 
perpendiculars form a plane quadrilateral with two of its 
angles right angles and the other two angles supplements 
of each other. Since each of these two supplementary an- 
gles of the quadrilateral is equal to one or the other of 
the two angles formed by the given planes when extended 
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indefinitely, either angle may be measured and the other 
derived by subtraction from 180°. 


Note. In the use of trigonometric tables it is always desirable to 
have the angles expressed as acute angles; hence the smaller angle 
between two planes should be chosen if the measurement of the angle 
is to be expressed in degrees. In practical work the obtuse angle be- 
tween planes is as likely to be needed as the acute angle between them. 


Construction One. Oblique-plane method. Given the 
planes R and 8S in the first drawing of Fig. 90. The line 
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of intersection of the two planes is VH. Through O, any 
chosen point on VH, pass the plane T perpendicular to VH, 
by means of the H-parallel OV,. Only one trace of T is 
needed. Plane T intersects plane R in the line OV. ; plane 
T intersects plane S in the line OV;. These lines are shown 
in the figure only in revolved position as 0,02’ and 0,0’, re- 
spectively, to avoid confusion in construction. The angle 
V,OV; is one of the supplementary angles between the 
given planes. Its true size shows in the drawing as 02/0,03’, 
marked X,, and either this value or its supplement, marked 
X, is the required angle. 

Construction Two. Oblique-plane method. Given the 
planes W and Y in the second drawing of Fig. 90. The point 
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O is chosen at any convenient location in space. Draw the 
line OA perpendicular to the plane W and OB perpendicular 
to the plane Y. Pass the plane Z through the lines OA and 
OB and revolve it, with the two lines, about z’z’ into the 
V plane. The angle v’o,0,’ is the required angle X. 

Construction Three. Auailiary-plane method. The only 
practical application of the auxiliary-plane method to this 
problem, when the given 
planes are represented 
by traces, is in measur- 
ing the angles between 
the two intersecting lines 
of Construction One or 
Construction Two. This 
procedure is fully demon- 
strated in Article 68 and 
in subsequent articles; 
hence it will not be re- 
peated as a separate con- 
struction here. When the 
given planes are represented as definite limited surfaces, as 
in Fig. 91, the auxiliary-plane method is directly applicable 
in obtaining the angles between the surfaces. 

The two parallelograms of Fig. 91 intersect in the line 
EF. If an auxiliary coordinate plane is set up perpendicular 
to the line EF, the two surfaces will project upon it as two 
straight lines; that is, the edgewise views of the two sur- 
faces will be obtained. Since the line of intersection, EF, is 
a V-parallel, codrdinate plane 3, with the ground line 1-3 
perpendicular to e’f’, may be set up perpendicular to EF di- 
rectly, without the intermediate step of first projecting the 
parallelograms upon an auxiliary coordinate plane parallel 
to EF. The projections of the two parallelograms, ABCD 
and EFKG, on plane 3 fall in the lines b;a3 and ge; re- 
spectively. Angle X is the required angle. 





Fic. 91. Angle between two plane 
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Discussion. Had the line of intersection EF of the two 
surfaces of the preceding Construction been unknown, it 
would have been necessary to find it before any auxiliary 
coordinate plane could have been set up. In most instances 
in commercial drafting the line of intersection will be known. 
If it should not be an H- or a V-parallel, then an auxiliary 
coordinate plane 4 will be necessary before the edgewise 
views of the surfaces can be obtained. 


73. To find the plane-bisector of either dihedral angle be- 
tween two given planes 

Analysis. The plane which bisects either dihedral angle 

between two given planes contains the line of intersection of 
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the two planes. It also contains a line which bisects the 
angle between the two lines that are cut from the given 
planes by a third plane passed perpendicular to the line of 
intersection of the two given planes (Article 72). There 
are two possible solutions, and since the angles between 
the two planes are supplementary, the required plane in 
the second solution must be perpendicular to the required 
plane of the first solution and hence perpendicular to the 
bisecting line. 


FUNDAMENTAL RELATIONS 107 


Construction. Given the planes S and T, Fig. 92. The 
line of intersection of the two planes is VH. From the 
chosen point O in space draw the lines OH, and OH; per- 
pendicular to the planes S and T respectively. Pass the 
plane R through the lines OH, and OH, and revolve it about 
rr into the H plane to obtain the angle h,0,h2, the angle be- 
tween the two lines and hence one of the angles between 
the planes S and T. Bisect the angle hi0,h2 by drawing 
0,hz. The projections of the bisector OH; are oh; and 0’h;’, 
as shown in the figure. The line OH; is parallel to any line- 
bisector of one of the angles between the planes S and T. 
Draw the line VH, parallel toOH;. Plane Q, passed through 
the lines VH and VH,, is one of the required planes. Plane 
W, passed through the line VH and perpendicular to VH,, 
is the second required plane. 


Note. The plane-bisector of the dihedral angle between two 
planes is the locus of points equidistant from the two planes. 


74. To pass a plane through a given line in a given plane 
so that the two planes will make a specified angle X 
with each other 


Analysis. The required 
plane will contain the given 
line and a second line inter- 
secting it that makes the 
specified angle with the given 
plane. This latter line lies in 
a plane perpendicular to the 
given line and is so drawn 
that it makes the required 
angle with the line cut from Fic. 93. Plane through a line, 
the given plane by the per- ™ing Ara Cied WANES 
pendicular plane. 

Construction. Given the line HV in the plane S, Fig. 93. 
Through any chosen point O on the line HV pass the plane R 
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perpendicular to HV, by means of a V-parallel through O. 
Only the H trace, rr, need be drawn. The plane R cuts the 
line OH, from the plane S. Revolve the plane R with 
the line OH; about rr into the H plane, giving 0,h2 as the 
revolved position of the line. Draw o,h; making the speci- 
fied angle X with 0,h.. The plane T, containing the lines 
VH and OH;, is the required plane. 


75. The angles 0, ¢, and II of lines and planes 


It is so often necessary to determine the angle a given 
line or plane makes with one or another of the codrdinate 
planes, or, conversely, to draw a line or plane that makes 
certain given angles with the codrdinate planes, that special 
symbols are chosen to designate these angles. They are the 
Greek letters 0, , and II. 

The angle between any line or plane and the H plane is 
designated by the symbol ©; the angle between a line or 
plane and the V plane is designated by the symbol ®; the 
angle between a line or plane and the P plane, by the 
symbol II. The horizontal and vertical bars of © and ® 
are readily associated with the corresponding plane. 

In Article 71 the angle between a line and a plane was 
defined as the angle between the line and its orthographic 
projection on the plane. Hence, in determining the angles 
©, ®, and II of a given line, it is necessary to measure the 
angle between the given line and its projection on one 
or another of the codrdinate planes. It was shown in 
Article 71, in measuring the angle between a given line and 
an oblique plane, that it saves time to measure the angle 
between the given line and a perpendicular from some 
point on it to the given plane and then to obtain the 
complement of this angle as the required angle. In the 
case of an angle between a codrdinate plane and a given 
line, it is better to proceed by the direct method, as sug- 
gested in the definition. 
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76. To find the angles ©, ¢, and II of a given line 

Analysis. By definition, the angles between the given 
line and its three primary projections must be found. A 
plane passed through a line and its projection on any coér- 
dinate plane is always perpendicular to that codrdinate 
plane ; in other words, it is a projecting plane. If each pro- 
jecting plane of a line is revolved about one or another of its 
traces into the corresponding codrdinate plane, carrying 
with it both the line and the projection which are to deter- 
mine a particular angle, the true size of each required angle 
will show on the coordinate plane as the angle between the 
revolved position of the line and the corresponding revolved 
position of its projection. 

Construction One. Given the lines AB, CD, and EF, 
Fig. 94. Pass the H projecting plane R through the line AB 
and its H projection, ab; pass the V projecting plane S 
through the line CD and its V projection, c’d’; pass the P 
projecting plane T through the line EF and its P projection, 
€2f2. Revolve the line and the projection named in each 
case about the inclined trace of the projecting plane into the 
corresponding coordinate plane. The projection involved in 
each instance will not move, since it is in the trace or axis 
of revolution. The given lines revolve to the positions in- 
dicated in the figure, and the angles between the revolved 
positions and the traces that were used as axes are the 
required angles 9, ®, and II, as shown. 

It should be observed that a check on each construction is 
obtained by means of one of the piercing points of the line, 
which does not move in the revolution, and which might 
have been used instead of one of the given points on the line 
in obtaining the revolved position. 

Discussion. In practical work the traces of the project- 
ing planes are omitted altogether and the projections of the 
line are used as the axes of revolution, as shown for the lines 
GK, MN, and OQ in the last three drawings of Fig. 94. 
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Sometimes the line is projected upon auxiliary codrdinate 
planes set up parallel to, or through, the line, and the 
required angles are then measured between the new pro- 
jections and the plane-3 ground lines, instead of between 
projections and revolved positions, as is done in the exam- 
ples of Fig. 94. The results, of course, are identical. 
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Construction Two. If, in Fig. 94, the perpendicular trace 
had been used as the axis of revolution in each case, the 
constructions would have been as shown in Fig. 95. Herea 
short-cut method is employed to obtain the revolved posi- 
tion of the line and its projections. This may be under- 
stood by observing that the triangle of revolution for each 
point is duplicated by one already drawn which is bounded 
by the ground line, the inclined trace of the plane, and a 
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projecting line, as shown for the point B in the first drawing 
of the figure. The angle between a,’b,’, the revolved posi- 
tion of the line, and a,b,, the revolved position of the H pro- 
jection of the line, in the first drawing of the figure, is the 
required angle ©. The angles # and II are obtained similarly, 
as shown in the second and third drawings of the figure. 
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Discussion. As in Construction One, a practical adap- 
tation of the construction is used in commercial work to 
shorten the labor involved. This is shown in the last three 
drawings of the figure. 

The methods of Constructions One and Two may be used 
in a converse way to draw lines in space which make given 
angles with one or another of the codrdinate planes. The 
student should make the adaptations in order that he may 
compare them with the so-called cone method of drawing 
such lines, which is explained in Article 111. 
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77. To find the projections and true length of the com- 
mon perpendicular between two non-parallel, non- 
intersecting lines 

Analysis. Only one perpendicular may be drawn between 
two non-parallel, non-intersecting lines. It is perpendicular 
to a plane passed through one of the given lines, parallel 
to the second line. It originates at the point of intersection 
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of the first line with the projection of the second line upon 
the plane. The perpendicular to the plane through this in- 
itial point on the first given line intersects the second line 
and is perpendicular to them both. The true length of the 
constructed perpendicular may then be found. Such a line 
does not have its projections perpendicular to the respective 
projections of the two given lines (see Article 46). 

The perpendicular between the two given lines also shows 
in true length, and as a point-to-projection perpendicular, 
on an auxiliary coordinate plane which is set up perpendic- 
ular to one of the lines, because such an auxiliary plane is 
parallel to the common perpendicular between the two lines. 
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Construction One. Given the two lines AB and CD, 
Fig. 96. Pass the plane T through the line AB and parallel 
to the line CD, by Article 42. Project the line CD upon the 
plane T at C;D:, by Article 53. Only the construction for ob- 
taining C; need be carried out, since the line C,D; must be 
parallel to CD, and its projections must, therefore, be drawn 
parallel to those of CD. The line AB intersects the line 
C;D; at the point M. Draw a line MN through the point M 
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and perpendicular to the plane T, to intersect CD at the 
point N. The line MN is the required perpendicular, and 
its true length is mn,. 

Construction Two. Given the two lines AB and CD, 
Fig. 97. Set up the auxiliary codrdinate plane 3 parallel to 
CD, by drawing 1—3 parallel to c’d’, and project the lines AB 
and CD upon it at a3b; and c,d; respectively. Set up the 
auxiliary plane 4 perpendicular to the line CD, by drawing 
3-4 perpendicular to c3d3, and show the projections of the 
two lines upon it at a,b, and ¢c,d,. From 4, which is coin- 
cident with e,d,, draw nym, perpendicular to a4by. This is 
the plane-4 projection and the true length of the required 
perpendicular between the two given lines. The projection 
m, returns to m3; on @3b3. From ms a perpendicular, m3ns, 
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is drawn to ¢3d3, thus locating ns. The projection msn; is 
perpendicular to c;ds because the line CD is parallel to the 
plane 3, and a line perpendicular to CD shows at right angles 
to it in this projection. The projection msn; returns to the 
horizontal and vertical projections in the usual manner. 
The line MN is the required perpendicular. 


78. Projections of solids 


It has been shown in preceding articles how to represent 
a plane geometrical figure of any shape in any position in 
space, when the plane in which the figure is to be drawn is 
given. It is still more essential, however, that the drafts- 
man be able to represent solid geometrical figures in 
whatever position may be desired in space. 

Most solid objects used in engineering design are bounded 
either by plane geometrical surfaces of an elementary shape, 
such as triangles, squares, rectangles, etc., or by curved sur- 
faces in combination with plane surfaces. The right pyra- 
mid, prism, cone, and cylinder are typical examples of the - 
surfaces commonly used. The projections of any one of 
them are easily obtained when its axis is perpendicular to 
one of the principal codrdinate planes. If the axis should 
be inclined to all the codrdinate planes, it is necessary to’ 
apply some of the principles and methods of construction 
developed heretofore. A few cases are demonstrated in the 
following articles. 


79. To construct a right pyramid with a given point as its 
apex and with its base, of given shape and size, ina 
given plane 

Analysis. The axis of the pyramid will be perpendicular 
to the given plane, will pass through the given point (the 
apex), and will pierce the plane in a point which will be the 
center of the base of the pyramid. The specified base may 
be drawn about this point by the methods of Article 55. By 
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connecting the projections of the apex to the corresponding 
projections of the corner points of the base and using the 
proper conventional lines for the invisible portions of the 
pyramid, the solid will be completely represented. 
Construction One. Oblique-plane method. Given the point 
A as the apex of a right pyramid whose base is a regular 
hexagon, X inches on a side, and in the given plane S, in 
the first drawing of Fig. 98. Find the point P in which the 
line AB, drawn through the point A and perpendicular to 
the plane S, pierces the plane S. Revolve the plane S with 
the point P into the vertical plane about Ss’ as an axis. The 
point P falls at p,. Construct the regular hexagon ¢,d,e,f,9,k,, 
X inches on a side, about p, as a center. Counter-revolve the 
plane 8S, by either of the methods of Article 55, to its original 
position in space and obtain both the vertical and the hori- 
zontal projections of all the vertices of the hexagon. Join 
these projections in the proper order to each other and to 
the corresponding projections of the point A. The edges 
AK, KC, and KG of the pyramid are invisible in the vertical 
projection; the edges AD, DC, and DE are invisible in the 
horizontal projection ; all are represented by broken lines. 
Discussion. The right cone may be constructed by a 
method similar to that used for the pyramid, if the apex and 
the size and plane of the base are given. Often the center of 
the base of the cone, the plane and size of the base, and the 
length of the axis are known. In such a case the apex of the 
cone must be located. This may be done by drawing a line 
of any assumed length from the center of the base and per- 
pendicular to the plane of the base, and finding its true 
length by any of the methods developed heretofore. The 
specified length of the axis may then be laid off on this true- 
length projection and the apex, thus determined, returned 
to the principal projections of the axis (see Article 63). 
Construction Two. Auziliary-plane method. Given the 
point A as the apex of a right pyramid whose base is a 
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Fic. 98. Projections of a right pyramid 


regular hexagon, X inches on a side, and in the plane T, in 
the second drawing of Fig. 98. Draw a line AB of any length 
from the point A and perpendicular to the plane T. This 
line contains the axis of the pyramid and pierces the plane 
T in one end of the axis. Set up the auxiliary codérdinate 
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plane 3 parallel to the line AB and hence perpendicular 
to the plane T, by drawing 0-3 parallel to ab. The line 
AB projects upon the plane 3 as a3b3. The trace of the 
plane T on plane 3 is tst;, which, being the edgewise view 
of the plane, contains the plane-3 projection of the base of 
the pyramid. The projection a3b; intersects tt; at ps, the 
plane-3 projection of the center of the base of the pyramid. 
Set up plane 4 perpendicular to the axis AP by drawing 3-4 
perpendicular to a3b3. The line APB projects upon plane 4 
at aspsbs. The base of the pyramid projects as a regular 
hexagon in true size on this plane and may be drawn about 
4 as a center in the usual way, at cid.esfigak,. Return this 
hexagonal base to its plane-8 projection as the straight 
line e3k3 in the trace t3t;, and join the projection of each 
point thus obtained to a3. The H and V projections of the 
pyramid are obtained from the plane-3 projection in the 
usual way and the invisible lines indicated as in Construc- 
tion One. If the views on planes 3 and 4 are for construc- 
tion purposes only, the invisible lines in these views need 
not be determined. 

Discussion. Auxiliary codrdinate planes versus oblique 
planes in projecting solids and surfaces. In representing 
solids and surfaces, such as prisms, cylinders, and the like, 
where two bases have to be shown, the auxiliary-coodrdinate- 
plane method offers many advantages over the oblique- 
plane method. Views on planes 3 and 4 may be made the 
simplest views of the object that it is possible to obtain and 
are, therefore, related to each other exactly as the horizontal 
and vertical views would be were the object placed with its 
axis perpendicular to one of the principal coérdinate planes. 
Ground lines in auxiliary views are more or less arbitrary 
guides in construction and may be treated as mere reference 
lines, or omitted altogether, since the relations between the 
various points and lines on a solid object can be maintained 
without them. They cannot be omitted when the planes are 
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represented by conventional traces. In developing surfaces 
(see Article 107) the auxiliary views have marked advantages 
over the regular views when the objects involved are in- 
clined to the codrdinate planes. 


80. To construct a right prism with bases of given shape and 
size and with a given line of specified length as an axis 


Analysis. If an auxiliary plane 8 is set up parallel to the 
axis of the prism, that is, perpendicular to the planes of its 
bases, the prism will project upon this plane as a rectangle 
in outline equal in length 
to the specified length 
of the axis. If plane 4 
is set up perpendicular 
to the axis, the prism 
will project upon it as a 
polygon of the true size 
and shape of the base. 
From these auxiliary ~ 
projections both the hor- 
izontal and the vertical 
projections may be found. 

Construction. Given — 
the point A as the center 
of one square base of a 
right prism whose axis, 
Y inches in length, lies 
in AB and whose base is 
X inches on aside, Fig. 99. 
Set up an auxiliary plane 3 parallel to AB by drawing the 
ground line 1-3 parallel to a’b’, and project AB upon this 
plane at a3b;. Both bases of the prism show upon this plane 
as straight lines perpendicular to a3bs, since the planes of the 
bases are perpendicular to AB and therefore show edge- 
wise on plane 3. Lay off the specified length of the axis from 
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@3, ON A3b3, to obtain c;, the center point of the plane-3 pro- 
jection of the second base. Set up plane 4 perpendicular 
to the line AB by drawing the ground line 3-4 perpendicular 
to a3b3; and project the axis AC upon it at asc. The bases 
and all the sides of the prism project upon plane 4 as the 
square d,€,f.gs, X inches on a side, with ac, as the center. 
Through c; draw a line perpendicular to a3b; and return 
d,ésf.g4 to this line as dzesf3g3. Through a; draw a line per- 
pendicular to a3b3 and project the second base of the prism 
upon it by means of the same projecting lines used in ob- 
taining d3esf3g3 from the plane-4 projection. Connect the 
plane-3 projections of the corresponding points of the two 
bases to each other. Construct the horizontal and vertical 
projections of the prism in the usual manner and determine 
the invisible lines in each of these two projections by con- 
sidering the bases closed and all bounding surfaces opaque. 

Discussion. The practical or direct method employed in 
drawing the square prism is applicable to a cylinder, cone, 
pyramid, or any other object. 

Nothing has been said heretofore about the direction of 
the lines forming the bases of geometrical solids in their 
respective planes. Some practical consideration of design 
always controls this feature of the drawing. Usually an 
edge line or diagonal of the base will be specified as being 
parallel to one of the codrdinate planes, in which case a 
line should be drawn in H and V projections to satisfy the 
specification ; then its projections on planes 3 and 4, or its 
revolved position if the oblique-plane method is used, may 
be employed to direct the drawing of the base in question. 

In practical work there will be no traces of the plane of 
the base to direct the drawing of the projections of the axis. 
The direction of this essential line must be determined from 
lines already located on the drawing, or it must be expressed 
in terms of the angles the axis makes with the codrdinate 
planes (see Article 111), or in some other way made definite. 


CHAPTER V 


SURFACES: THEIR GENERATION, REPRESENTATION, 
INTERSECTIONS, DEVELOPMENTS, AND USES 


81. Lines 


Before introducing the analytical study of surfaces and 
their uses in geometrical constructions and in engineering 
drawing, it will be well to repeat in part, and then to extend, 
the conceptions already formed concerning the properties of 
the line. 

A line is the geometrical magnitude formed or generated 
by a point moving through space. If the point moves with- 
out change of direction, the line generated is a straight line. 
If the point moves so that its direction changes continu- 
ously, the line generated is a curved line. It is customary 
to define the nature of the motion of the generating point 
with respect to a set of codrdinate planes, or, in other words, 
the character and position of the line generated, by the use 
of algebraic equations, such, for example, as x?+ y? = b? or 
xy =c. By assigning numerical values to one variable in the 
equation and assuming some value for the constant, cor- 
responding values of the second variable may be obtained 
and the line plotted on codrdinate paper. 

Many of the commonly used curved lines are given spe- 
cific names by which they are more generally recognized than 
by the formulas from which they are plotted. Some of these 
are the circle, the ellipse, the spiral, and the helix. 

All the points of a straight line are contained in one plane. 
If all the points of a curved line are contained in one plane, 
the curve is known as a plane curve or a two-dimensional 


curve. All other curves are called space curves or three- 
120 
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dimensional curves. Plane curves are called curves of single 
curvature, while space curves are known as curves of double 
curvature. 

Let it be assumed that the point A, in the first drawing of 
Fig. 100 moves to the position A,, then to A», and so on 
through successive positions to A,, all the points being 
in the plane of the paper, and let it be assumed, further, that 
the distances between A, and A,, A; and Az, etc., are less 
than any assigned value; that is, if the distances are made 
smaller, each point will coincide with its neighbor; then 


As x 


io 
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Fic. 100. Consecutive points; elements of a line 


the points are said to be consecutive and the infinitesimally 
small segments A,)A;, A:A2, A2As, etc., of the line, num- 
bered 1, 2, 3, etc. in the figure, are called elements of 
the line. 

If, in the second drawing of Fig. 100, the direction of ele- 
ment 2 of the plane curve A,A,A>--- A, differs from that of 
element 1 by a small angle a, and the same change in direc- 
tion takes place for each succeeding element, the curve is a 
circle. All other plane curves have varying rates of curva- 
ture as the generating point marks out their shapes in its 
movement. 

If a point moves in such a manner that no three consecu- 
tive elements are contained in the same plane, the curve 
generated is one of double curvature. The helix is a good 
example of this class of curves. 


82. Tangents and normals to curves 

A line containing only one of the elements of a curve is 
called a tangent to the curve. This means, in the case of a 
plane curve, that the tangent must lie wholly in the plane 
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of the curve. Curves, like straight lines and other magni- 
tudes, are represented in descriptive geometry by their pro- 
jections. A straight line tangent to a curve in space will 
have its projections tangent to or coincident with the corre- 
sponding projections of the curve, and, conversely, if the 
corresponding projections of a straight line and a curve, 
or of two curves, are tangent, the lines are tangent. A line 
perpendicular to a tangent to a plane curve at the point of 
tangency (the point of coincidence of two approaching con- 
secutive points) and lying in the plane of the curve, is called 
a normal to the curve. 


83. Generation of surfaces 


A definable surface is a geometrical magnitude that is 
generated by a straight or curved line moving in space 
according to some law. Since there are many kinds of 
curved lines and since the motion of any one of them may 
be in the form of a translation or a revolution, it follows 
that there are many kinds of surfaces. Some of the more 
familiar are the plane, the cone, the cylinder, the sphere, 
and the torus. 

The line used to generate any surface is called the genera- 
trix. Its motion may be controlled by one, two, or more 
fixed lines, called linear directors, about which it may re- 
volve, along which it may slide, or by which it may in other 
ways be regulated in its movement. For example, the plane 
is generated by a line sliding along two parallel or inter- 
secting straight lines; a sphere is generated by a semicircle 
revolving about its diameter ; a helical convolute is gener- 
ated by a straight line moving tangent to a helix. The 
generatrix may also be controlled in its movement by a 
plane to which it remains parallel or inclined at a constant 
angle, or by a plane and one or two straight or curved lines 
in combination. A plane used in this manner is called a 
plane director. ; 
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Let it be assumed in the first drawing of Fig. 101 that the 
line A,B has moved to the successive positions A,B,, A2Bs, 
etc., to generate a portion of a cylindrical surface, and let it 
be assumed, further, that the distance between any two suc- 
cessive positions of the line is less than any assignable value ; 





Fic. 101. Consecutive lines and elements of surface 


then A )Bo, A:B;, A2Bo,:++, A,B, are known as consecu- 
tive elements, and each small area contained between any 
two consecutive elements, such as A,)BoB;Au,, for instance, 
is called an element of surface. In the case of the conical 
surface in the second drawing of Fig. 101, the triangular- 
shaped area OA,A, is an element of surface. Fig. 102 shows 
several elements of surface of the sphere and the torus. 





Fic. 102. Elements of a sphere and torus 


In those cases in which a straight line is used as the gen- 
eratrix, the line and hence the surface are considered in- 
finite in extent for all theoretical discussions, but in practical 
applications it is necessary to restrict the surface to definite 
limitations. .This introduces the concept of bases and sec- 
tions, particularly in connection with the so-called closed 
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surfaces. Although all closed geometrical figures are treated 
as surfaces in this chapter, any one of them may be con- 
sidered a solid and the analyses or discussions applied to it 
without material alteration. 


84. Classification of surfaces 


Surfaces are classified according to the kinds of lines used 
as generatrices. If the generatrix is a straight line, any sur- 
face that can be formed by its movement is called a ruled 
surface. A straight line lying wholly in the generated sur- 
face can be drawn through any chosen point on such a 
surface. If the generatrix is a curved line and if the sur- 
face formed by its movement cannot be generated by a 
straight-line generatrix — in other words, if the surface 
is curved in every direction — it is called a double-curved 
surface. Straight lines may not be drawn on such a 
surface. These two major divisions, into one or another of 
which all surfaces are classified, may be further subdivided 
and named. 

There are three kinds of ruled surfaces, namely, planes, 
single-curved surfaces, and warped surfaces. Single-curved 
surfaces are further classified as cones, cylinders, and con- 
volutes. Warped surfaces can be subdivided into several 
general types such as conoids, hyperbolic paraboloids, cyl- 
indroids, helicoids, and hyperboloids of revolution (see illus- 
trations in Fig. 110). Many other ruled surfaces can be 
generated, but few type names have been evolved. 

Double-curved surfaces of any useful character fall mostly 
into one class called surfaces of revolution. The sphere, the 
prolate and oblate ellipsoids of revolution (spheroids), and 
the torus are well-known examples in this class. The ser- 
pentine is illustrative of the class of double-curved surfaces 
not generated by the revolution method. 

Surfaces may also be classified on the basis of the char- 
acter of the movement of the generatrix. If the motion of 
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the generatrix is one of sliding or, more correctly, trans- 
lation, the surfaces generated are called surfaces of transla- 
tion. If the motion is that of revolution, implying, of course, 
that there must be a straight-line axis, the surfaces gen- 
erated are called surfaces of revolution. Some surfaces may 
be generated by either the method of translation or that 
of revolution. The circular cylinder is a good example. It 
should be noted here, also, that some surfaces may be gen- 
erated by using either of two, and sometimes more, genera- 
trices. The example of the cylinder just cited is a case in 
point. Because of these facts and others not mentioned, 
the divisions in the classification of surfaces given in this 
paragraph must not be considered as mutually exclusive. 

A third classification of surfaces of a useful kind is 
that based on the characteristic of developability, that is, 
whether they can be rolled out flat without distortion of 
any of their elements. Single-curved surfaces are the only 
theoretically developable surfaces. 

The above classifications of surfaces are summarized in 
the following tabular form: 


TABLE I. CLASSIFICATION OF SURFACES 
I. Ruled 
A. Plane 
B. Single-curved (developable) 
1. Cone 
2. Cylinder 
3. Convolute 
C. Warped 
1. Conoid — right and oblique 
2. Cylindroid 
3. Helicoid — right and oblique 
4. Hyperbolic paraboloid 
5. Cow’s horn 
6. Hyperboloid of revolution of one sheet (revolved 
about conjugate axis) 
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D. Surfaces of revolution 
1. Circular cone 
2. Circular cylinder 
3. Hyperboloid of revolution of one sheet (revolved 
about conjugate axis) 
II. Double-curved 
A. Surfaces of revolution 
. Sphere 
. Spheroid — oblate or prolate ellipsoid of revolution 
. Ovoid 
. Torus 
. Paraboloid 
a. Revolved about directrix 
b. Revolved about axis 
6. Hyperboloid of revolution of two sheets (revolved 
about transverse axis) 
7. General (any plane-curve generatrix) 
B. General 
1. Ellipsoid 
2. Serpentine 


or WN EH 


85. Representation of surfaces 


The projections of the contour or bounding outlines of a 
surface, as they would be seen from the infinite point of — 
sight required for each orthographic view, are usually suffi- 
cient to represent the surface on a coordinate plane. These 
contour, or extreme, outlines will generally be different 
bounding lines of the surface for each view. In the case of 
plane figures, they will be the same lines for all views. Some- 
times additional primal lines of a surface, or a cross section 
through it, must be projected to aid in completely repre- 
senting it. Generally one or more significant points on the 
surface or on the axis are lettered, and the surface is then 
referred to by means of these letters by such expressions 
as “‘the cone A,” “the cylinder whose axis is AB,” “the 
sphere whose center is C,”’ and so on. In the case of irregu- 
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lar or unnamed surfaces, more letters must be used to pre- 
vent ambiguity in differentiating one part of the surface 
from another. 


86. Single-curved surfaces 

A single-curved surface is generated by a straight line 
moving so that it always touches a given curved-line director 
and either passes through a fixed point (cone), remains par- 
allel to a fixed straight line (cylinder), or moves tangent to 
some space curve (convolute). 

No other single surface, except the plane, is so widely 
known and used as either the cone or the cylinder. Both 
are developable ruled surfaces. Each may occur in the 
form of an unclosed scroll, as in Figs. 100 and 101, often 
termed cylindrical and conical surfaces, or they may, and 
usually do, appear in the form of closed surfaces like those 
shown in Figs. 108 to 108, inclusive. In using the terms 
“cone’’ and “cylinder,” it is customary to include in the 
reference only the closed forms, as is done hereafter in this 
text. No difficulty is experienced in applying the discus- 
sions to the unclosed forms of the two surfaces. The 
properties of the cone are usually developed before those 
of the cylinder in treatises on descriptive geometry, because 
of the fact that the cylinder is the limiting condition of the 
cone as its apex is moved to infinity. 

Convolutes are developable surfaces. No three consecu- 
tive positions of their straight-line generatrices lie in a plane 
or intersect in a point. The helical convolute is the most 
common of this class of surfaces (see Fig. 109). 

Each of the single-curved surfaces mentioned above is 
discussed in greater detail in the following articles. 


87. Cones 

The cone is a ruled surface generated by a straight line 
moving so that it constantly touches a given curve and 
passes through a fixed point. The fixed point is called the 
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apex of the cone; the guiding curve is called the director ; 
and the moving straight line, the generatrix. The various 
successive positions of the generatrix are known as the ele- 
ments of the cone. Since the moving line which generates 
the cone is infinite in length, the surface itself is infinite in 
extent in both directions from the apex. The two connected 
surfaces are called the nappes of the cone. Usually one 
nappe only is considered in any discussion. 

Bases of cones. It is evident that only a portion of any 
generated cone may be used in practical work. This por- 
tion, however, is still designated the ‘“‘cone,” and its proper- 
ties remain identical with those of the infinite cone, except 
that its elements all terminate in a finite curve. This curve 
is spoken of as the base of the cone; and if a plane curve, the 
plane in which it lies is called the plane of the base. The 
portion of the cone between two plane-curve bases is termed 
a frustum, even when the planes of the two bases are not 
parallel. Any other curves which may be cut from a cone 
by planes passed at will are called plane sections. If the - 
cutting planes are parallel, the sections are similar. 

Right and oblique cones. Considering any given cone: If a 
plane can be passed in such a way that it will intersect the 
cone in a circle, and if the apex of the cone is a point in the © 
line drawn through the center of this circle and perpendic- 
ular to its plane, then the cone is a circular cone. If the 
elements are all made to terminate in the circle, the cone 
is aright circular cone. If the elements do not terminate in 
a circle, the cone is an oblique circular cone. If any given 
cone is not a circular cone and a plane can be passed through 
it in such a way that the intersection will be an ellipse, and 
if the apex is a point in the line drawn through the center of 
this ellipse and perpendicular to its plane, then the cone is 
an elliptical cone. If the elements are all made to terminate 
in the ellipse, the cone is a right elliptical cone. If the ele- 
ments do not terminate in an ellipse, the cone is an oblique 


SURFACES 129 


elliptical cone. Fig. 103 shows the H and V projections of 
a right circular and a right elliptical cone after they have 
been placed in the most favorable position, with respect to 
the coordinate planes, for showing their true shape and size. 
The apex of a cone is usually lettered and the cone itself is 
regularly referred to by means of this letter. Other right 
cones may be obtained by choosing differently shaped plane 
curves as bases. These plane curves must, however, have 
at least two lines of symmetry. The apexes of such cones 
must lie in perpendiculars to the planes 


of the base curves at the points of inter- 
section of the two lines of symmetry. 
Axes of cones. The line drawn 
Sees ee i ett Oe 


through the apex and-the center of 5 D 
the base of each of the right cones of 
Fig. 103 is called the axis of the cone. 
Any given cone which can be reduced 
to a right cone by means of a new base 
plane has an axis. Other cones donot ‘Fic. 103. Right cones 
have axes. Any cone from which a 

circle or an ellipse can be cut by a plane has an axis, be- 
cause it can be reduced to a right cone. The axis is used 
in specifying the obliquity of the plane of the base of the 
cone and in giving the general relation of the cone to the 
coordinate planes. Except in circular cones, the axis does 
not make equal angles with the elements. If the base of a 
cone is not in a plane perpendicular to its axis, the cone is 
said to be an oblique cone. Thus we may have such expres- 
sions as ‘‘an oblique circular cone with an elliptical base” or 
“San oblique elliptical cone with a circular base.’’ The mere 
changing of the inclination of the base plane to the axis, or 
the axis of a cone with respect to the codrdinate planes, does 
not, of course, change the character or properties of the cone. 
In case the axis is not shown in a given instance, it may 
prove a tedious process to locate it accurately. 


‘ 
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Fig. 104 shows the two right cones of Fig. 103 with their 
axes inclined to the codrdinate planes. Since the axis of 





Fig. 104. Right cones, axes oblique 


each cone and the shape 
and the size of the base 
of each were given, and 
since it was known that 
the cones were right 
cones, the projections of 
the base of each were 
obtained by means of the 
oblique planes S and T, 
as demonstrated in Arti- 
cle 77. The projections 
of the axes of the two 
cones pass through the 


centers of the corresponding projections of the bases. This 
would not have occurred were the cones not right cones, 


as will be explained in 
the next paragraph. 
Lines of centers. The 
cone of Fig. 105 is an 
oblique elliptical cone 
with a circular base. In 
this case the line AC, 
joining the apex to the 
center of the base, is not 
the axis of the cone. It 
does pass through the 
centers of all the circles 
that are cut from the 
.cone by planes passed 
parallel to the plane of 








Fic. 105. Axis of oblique elliptical cone 


the base, such, for example, as plane R. The line AC, there- 
fore, is called a line of centers. If a plane T, not parallel to 
plane R, be found which is perpendicular to the principal 
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meridian plane, Q, and that makes the same angles, a and B, 
with the elements cut from the cone by the plane Q that 
plane R makes with these elements, then the section cut 
from the cone by plane T will be a circle whose center is F. 
The line AD, drawn through the point F, will be the line of 
centers of all the circles cut from the cone by planes passed 
parallel to the plane T. The axis of the cone is a line, AK, 
not shown on the drawing, that bisects the angle CAD. 
A plane perpendicular to AK cuts a right section from 
the cone. 

Assuming elements on cones. It is essential that the apex, 
a projected base, and the extreme elements of a cone be 
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shown in order to represent the surface. If these three things 
have been drawn in two or more projections, it is possible 
to determine an element of the cone by selecting a point on 
the base curve and joining it to the apex by a straight line. 
Fig. 106 shows an elliptical cone on which the element AM 
has been chosen in accordance with this principle. 

A light line is often used to distinguish the projections of 
elements, chosen for purposes of construction, from the con- 
tour elements originally projected. In some cases it is desir- 
able to use a dash line for those elements which are invisible 
in any view. In determining whether an element is invisible 
or not, it is the practice to assume that the surface is opaque 
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and that the base is open, or, in other words, that there is no 
covering surface within the base curve. 

Assuming points on cones. Since an element of a cone is a 
straight line, a point may be selected on the cone by taking 
it on some element of the cone. The point O of the first 
drawing of Fig. 106, being on the element AM, is on the cone. 

A second method of selecting a point on a cone may be 
used to advantage in the case of a cone so related to the 





{] Two tf i] 
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Fic. 107. Conic sections 


coordinate planes that one projection of its base is a circle 
and the other a straight line. The plane of the base of such 
a cone is a projecting plane (see plane T in the second draw- 
ing of Fig. 106). A plane R, passed parallel to plane T, cuts 
a section from the cone similar to the base. In the figure 
this section, which is an ellipse, projects as a circle on the 
horizontal plane with its center at d. Any chosen point on 
this curve, such as O, is a point on the cone. 

Bases of cones in the codrdinate planes. Once the elements 
of a cone have been determined, they may be extended until 
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they pierce any one of the codrdinate planes. A smooth 
curve joining the H or V piercing points of a considerable 
number of well-chosen elements will constitute a new base 
in the H or V plane which is very useful in solving problems 
dealing with the cone. One projection of such a base is 
always in the horizontal ground line. 

Conic sections. Planes may be passed through a circular 
cone in such ways as to cut from it four sections called, conic 
sections. These sections are the circle, ellipse, parabola, and 
hyperbola. The position of the cutting plane for each sec- 
tion is shown in Fig. 107. Planes may also cut the cone in 
two straight lines, in one straight line, or in a point. The 
plane which contains only one element of the cone is tangent 
to the cone. The plane which cuts a parabola from the cone 
must be parallel to some tangent plane. 


88. Cylinders 


The cylinder is a single-curved surface that is gener- 
ated by a straight line so moving that it constantly touches 
a given curve and remains parallel to a given straight-line 
director. The given curve is called the director and the 
moving line the generatrix. The cylinder is the special case 
of a cone with its apex at infinity and, like the cone, may be 
either a closed or an open surface. The terms ‘‘ element,” 
“axis,” “‘ base,’ and ‘“‘section”’ have the same significance 
as when used in connection with the cone. 

A right section of a cylinder is obtained by passing a plane 
perpendicular to its elements. If this section is a circle, 
the cylinder is a circular cylinder ; if the right section is an 
ellipse, the cylinder is an elliptical cylinder. If the elements 
terminate in two right sections, the cylinder is called a right 
cylinder; if they terminate in two sections that are not 
right sections, the term “‘oblique”’ is used in describing the 
cylinder. A cylinder may be a right cylinder with respect 
to one base and oblique with respect to the other. Since the 
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generatrix is a line of infinite length, thecylinder is considered 
infinite in extent for theoretical purposes, but for practical 
uses it is limited by two bases that are a finite distance apart. 

A cylinder is represented by the projections of at least one 
base and the projections of the contour or extreme elements 
in each view, as shown in Fig. 108. An axis, or line of centers, 
may be shown, when possible, to assist in referring to the 
cylinder or to aid in constructions. 

An element of the cylinder may be assumed in the same 
manner as on the cone. Any point on the base section may 
be chosen and its projections located. 
The element will pass through this 
point and be parallel to the contour 

elements, thus fixing the projections 

j1ijiorY | of the element in both direction and 

i 1g location (see AN, Fig. 108). Any 

! Ao] d" point O on the element AN is on 
the cylinder. 

Ee ene It is often desirable to extend a 

a cylinder 5 . oon & 

given cylinder until it intersects one 
of the codrdinate planes. This may be done by locating a 
considerable number of elements around the cylinder and 
producing them one after another to pierce the desired 
coérdinate plane. A smooth curve joining these piercing 
points forms a new base section which is very useful in solv- 
ing problems involving the cylinder. One projection of 
such a base in the H or V plane is always in the horizontal 
ground line. 





89. Convolutes 


Fig. 109 shows a helical convolute of one complete turn. 
Each element is tangent to the helical director and inter- 
sects its two adjacent elements in separate points. Only two 
elements can be in the same plane. The surface is devel- 
opable. It was formerly used in making screw conveyors 
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and in one system of skew bevel gears known as “Olivier 
spiraloids.” The helical convolute is often called the 











Fig. 109. Helical convolute 


developable helicoid. It should not be confused with the 
warped surfaces known as helicoids, which are generated 
in an entirely different manner.* 


90. Warped surfaces 


A warped surface is generated by moving a straight line 
so that no two of its consecutive positions are in the same 
plane. Two straight or curved lines along which the genera- 
trix may slide, and a plane to which the generatrix remains 
parallel, constitute one set of a number of combinations of 
linear, plane, or curved-surface directors which may be 
specified in fixing the motion of the generatrix. Since the 
generatrix is a straight line, the surface is a ruled surface. 
The surface is not developable, because no two adjacent 
elements intersect. In representing a warped surface, it is 
necessary to project the linear directors and enough ele- 

* For a further discussion of the convolute and the method of developing the sur- 


face, see Church and Bartlett’s ‘‘Elements of Descriptive Geometry” (American 
Book Company). 
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ments of the surface to give an adequate conception of its 
shape. Fig. 110 shows five typical warped surfaces. They 
are characterized briefly in the following paragraphs. 

The first surface in Fig. 110 is typical of a group of warped 
surfaces called hyperbolic paraboloids. These surfaces are 
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formed by moving a straight-line generatrix along two 
non-intersecting straight-line directors and parallel to a 
plane director, in this case the H projecting plane R, or 
along three non-intersecting straight lines. Any plane 
section other than those through a linear director or a gen- 
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eratrix are hyperbolas or parabolas; hence the name of 
the surface. This surface is of interest principally from the 
mathematical point of view. 

The second surface of Fig. 110 is an Pepe of a class 
of warped surfaces called cylindroids. These surfaces are 
formed by moving a straight-line generatrix along two 
curves and parallel to a plane or along three curves. The 
cylindroids, like the hyperbolic paraboloids, find little appli- 
cation in practical construction work. 

The warped surface shown in the third drawing of Fig. 110 
is typical of a group called conoids. They are formed by 
moving a straight-line generatrix along one straight-line and 
one curved-line director and parallel to a plane director, 
in this case, the vertical plane. They are used in building 
construction as transition sections from a curved surface, 
such as the roof of a vault, to a rectangular opening in a 
plane wall. 

The fourth drawing of Fig. 110 represents the warped 
surfaces called helicoids. They are generated by a straight 
line moving so as to touch a helix constantly and intersect 
the axis of the helix at a constant angle. This surface is 
widely used. When the generatrix is perpendicular to the 
axis of the helix, the right helicoid is generated. This is the 
surface of the well-known square thread. When the genera- 
trix is inclined to the axis of the helix, the oblique helicoid 
is formed. This is the surface of the theoretical V screw- 
thread. This surface also finds application in the design of 
circular staircases and chutes. 

The last drawing of Fig. 110 is the only warped surface 
that is also a surface of revolution. It is known as a hyper- 
boloid of revolution and is generated by revolving a straight 
line about an axis not in the same plane. It can also be 
generated by revolving a hyperbola about its conjugate axis. 
It is represented by the projections of two circular sections 
cut from the surface by planes perpendicular to the axis of 
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revolution, the projections of the smallest circular section, 
called the gorge circle, the projection of meridian hyperbolas 
on the codrdinate plane to which they are parallel, and 
the projections of as many straight-line elements as are 
necessary to satisfactorily delineate the surface. The sur- 
face finds its greatest application in the making of skew 
bevel gears. 


91. Surfaces of revolution 


Surfaces of revolution are generated by revolving a 
straight or curved line about a rectilinear axis. They may, 
therefore, be either ruled surfaces or surfaces of double 
curvature. The moving line is called the generatrix, and the 
line about which it revolves is called the axis of revolution. 
If the generatrix is a straight line parallel to the axis of 
revolution, the surface generated is a circular cylinder. 
If the generatrix is a straight line intersecting the axis of 
revolution, the surface generated is a circular cone. If the 
generatrix is a straight line not in the plane of the axis of 
revolution, a hyperboloid of revolution is generated. The 
two first-named surfaces are single-curved ruled surfaces. 
They have been discussed in preceding articles. The hyper- 
boloid of revolution is the only warped surface of revolution. 

If the generatrix is a curve, such surfaces as the sphere, 
torus, and the ellipsoids, paraboloids, and hyperboloids of 
revolution are obtained. If a circle is revolved about its 
diameter as an axis, the surface generated is a sphere. If an 
ellipse is revolved about its major axis, the surface generated 
is a prolate ellipsoid of revolution (prolate spheroid) ; if an 
ellipse is revolved about its minor axis, the surface gen- 
erated is an oblate ellipsoid of revolution (oblate spheroid). 
If a circle, an ellipse, or any other smooth closed curve is 
revolved about an axis outside the curve, the surfaces gen- 
erated are tori or rings. If the circle is used as the generat- 
ing curve, the annular torus is formed. Other surfaces of 
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revolution may be generated by using differently shaped 
curves as generatrices, but few type names have been 
evolved to describe them. Several surfaces of revolution 
are shown in Fig. 111. 

If a plane is passed perpendicular to the axis of any sur- 
face of revolution at any point, it will cut a circle from the 
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Fic. 111. Surfaces of revolution 


surface, called a right section. Planes passed through the 
axis of revolution cut curves from the surface which are 
alike and identical in shape with the generatrix. They are 
called meridian sections or elements. 

Since a surface of revolution is usually drawn with its 
axis perpendicular to a codrdinate plane, it may be com- 
pletely represented by the projection of one meridian sec- 
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tion on any codrdinate plane to which such a section may 
be taken parallel and by the projections, on the plane to 
which the axis is perpendicular, of the largest and smallest 
right-section circles, and by the projections of such other 
right sections at points of change in curvature in the gen- 
eratrix as may be necessary. 

A point may be assumed most readily on a surface of 
revolution by first obtaining the projections of a circle that 
is cut from the surface by a right-section plane and then 
selecting a point on this circle. The point O on each of the 
surfaces of revolution of Fig. 111 has been obtained by pass- 
ing the plane T perpendicular to the axis of revolution, AB, 
of each surface, projecting the circle cut from each surface 
upon the two principal coordinate planes, and then selecting 
the projections of the point O on the corresponding projec- 
tions of the circle. 

It should be noted that the plane passed perpendicular to 
the axis of revolution in each case of Fig. 111 is a project- 
ing plane. This makes it possible to draw one of the tan- 
gents at the point O on each surface without complicated 
constructions by putting it in one of these section planes 
and tangent to the circle cut from the surface. 

Surfaces of revolution, like all other surfaces, are con- 
sidered opaque; hence a line on the surface which is hidden 
from the observer in any view by any portion of the surface 
must be shown in the usual broken-line convention. How- 
ever, when section planes are passed through a surface 
simply for construction purposes, the curves cut from the 
surface may be shown as light full lines. 


92. Intersection of surfaces 


The intersection of two surfaces is defined as the line con- 
taining all points common to the surfaces. It is the line that 
joins together the points in which the elements or lines of 
the one surface pierce the other surface. The intersection 
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may be a straight line, a plane curve, or a space curve. 
There may be two distinct lines of intersection between two 
surfaces, as would be the case if a small cylinder were made 
to penetrate both sides of a larger cylinder with the center 
lines of the cylinders intersecting each other. Sometimes 
several distinct surfaces are dealt with in the same problem, 
as would be the case in finding the intersection of two prisms, 
each having three or more plane faces, or in the case of the 
intersection of a prism and a cylinder or cone where the faces 
of the prism intersect the second surface in several distinct 
but connected lines. 

The problem of finding the line of intersection of any two 
surfaces resolves itself into a succession of similar steps, 
in which are found the points where a number of carefully 
determined elements or plane curves of the one given sur- 
face pierce the second surface, these points then being joined 
in the proper order by a straight line or a smooth curve. 
The approach to the general application of the theory to 
this problem is.best made by means of the simple case of 
two intersecting plane surfaces. 


93. To find the line of intersection of two limited plane 
surfaces 


Analysis. Let it be required to find the line of inter- 
section of the triangle EFG and the parallelogram ABCD, 
Pica! 12; 

The line of intersection is the straight line joining the 
points in which the edge lines of either surface pierce the 
other. An inspection of the figure indicates that the re- 
quired line of intersection will be limited in its extent by the 
sides of the triangle rather than by the sides of the parallelo- 
gram; hence the points in which the lines FG and GE 
pierce the plane ABCD should be found. 

Construction One. It was shown in Construction Two of 
Article 52 how the point in which a line pierces a plane may 
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be found by a short-cut method when the plane is limited 
in extent by definite bounding lines, as in the case of the 
triangle and parallelogram of Fig. 112, and when the pro- 
jections of these lines are used instead of traces to rep- 
resent the plane. This method of finding the point in 
which a line pierces a plane is the one generally used in 
engineering drawing. 

Assume that a V projecting plane 
has been passed through the line 
FG, although not shown in the 
drawing. Find the line MN which 
this plane cuts from the parallelo- 
gram. The point in which FG 
6 pierces the parallelogram must lie 

in this line. The line FG intersects 

€ the line MN at the point O, the 
required piercing point of FG in 
ABCD. Similarly, the line GE 
ui pierces the parallelogram at the 

Fic. 112. Intersection of point P. The line OP is the re- 

stare hata quired line of intersection. The 
line FE pierces the plane of the parallelogram at the point 
Q, which, it should be noted, lies outside the limits of both 
the triangle and the parallelogram, but on the line OP 
extended. é 

Discussion. Surfaces such as those of Fig. 112 are as- 
sumed to be opaque; therefore, when they intersect or are 
placed so that one conceals a part of the other from the 
observer, it is necessary to indicate the invisible portions in 
each view by the standard broken-line convention. This 
has been done in both views of Fig. 112. It should be ob- 
served that the line OP is a dividing line between visible and 
invisible portions of the triangle, and that no other means of 
separating these portions is available than that of obtaining 
the line of intersection of the two surfaces. 
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Construction Two. The principles applied in Fig. 112 to 
the problem of finding the line of intersection of two plane 
surfaces have been applied in Fig. 118 to the case of a plane 
triangular surface intersecting two other plane surfaces, 
which in turn intersect to form a V-shaped “‘trough.” An 
inspection of the surfaces suggests that there are two lines of 
intersection that must befound. These two lines must inter- 
sect at a common point, which is the point in which the line 
EK pierces the triangu- 
lar surface. This point 
is found, as in the pre- 
ceding construction, by 
passing an H projecting 
plane, not shown in the 
figure, through the line 
EK, thus cutting the line 
MN from the triangle. 
The point O, common to 
the lines MN and EK, 
is the required pierc- 
ing point. Similarly, the 
edge line FG is found 
to pierce the triangular 
surface at the point P. The line DL pierces the plane of the 
triangle at the point Q, which lies outside the limits of the 
triangle. The line joining the points O and P is one of 
the required lines of intersection, while the line joining the 
points O and Q, and terminated at the point R, to keep it 
within the limits of the triangle, is the second of the re- 
quired lines of intersection. The invisible portions of the 
surfaces are shown in the usual dash-line convention. 

Discussion. If it could have been foreseen that the line 
DL would pierce the plane of the triangle outside the bound- 
aries of the triangle, the point R, in which the line BC 
pierces the face DLKE, would have been found directly. 





Fic. 118. Intersection of plane surfaces 
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94. To find the lines of intersection of prisms and pyramids 

In Fig. 114 the piercing-point method of finding the line 
of intersection of two surfaces has been applied to the case of 
two intersecting prisms, and in Fig. 115 to the case of a 
prism intersecting a triangular pyramid. In both instances 
the given rectangular prism is perpendicular to the hori- 
zontal plane, thus making it possible to pass H projecting 





Fic. 114. Intersection of Fic. 115. Intersection of 
plane surfaces plane surfaces 


planes through each of its faces and to determine some of the 
points on the lines of intersection directly. Such points are 
M, N, O, and P in Fig. 114. These are the points in which 
the edge lines of the triangular prism pierce the faces of the 
square prism and are obtained by the short-cut method 
of finding the point in which a line pierces a projecting 
plane (see Construction Two, Article 52). The points G, 
J, K, and L on the required lines of intersection are obtained 
by means of the H projecting plane through the face EFFE 
of the square prism. This plane intersects the triangular 
prism in the triangle RNS, which contains the points G and 
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J, in which EE pierces two faces of the triangular prism, 
and the points K and L, in which FF pierces two faces of the 
same prism. When all these piercing points, M, N, O, P, G, 
J, K, and L, are joined in the proper order, as shown in the 
construction, they determine the continuous but irregular 
line of intersection of the two prisms. 

The lines of intersection of the various faces of the objects 
shown in Fig. 115 have been obtained by the methods just 
explained for Fig. 114, but none of the construction work 
has been shown. In both figures the H projections of the 
lines of intersection fall in the H projection of the prism, as 
indicated by the heavy-line portions of that projection. 


95. The general method of finding the line of intersection 
of surfaces 


In Fig. 116 the points M, N, O, P, and Q on the lines of 
intersection of the two prisms have been obtained by the 
piercing-point method used in Figs. 112 to 115, inclusive. 
The cutting-plane method has been used to find the points 
G, J, K,and L. The principle employed in obtaining these 
latter points will serve to determine the intersection of any 
two surfaces, plane or curved, however involved their shape 
may be and however disadvantageously they may be lo- 
cated in space. This general principle, limited to cases ordi- 
narily dealt with, may best be expressed in rule form as 
follows : 


Pass a series of auxiliary cutting planes so that each one will 
cut from both surfaces lines that will project as straight 
lines or circles on the codrdinate planes. The points in 
which these sets of lines in a single cutting plane intersect 
each other are points on the required line or lines of inter- 
section of the two given surfaces. A sufficiently large num- 
ber of points having been obtained, by means of several 
well-chosen cutting planes, they are joined together in the 
proper order to determine the entire line of intersection. 


146 DESCRIPTIVE GEOMETRY 


NoTr. The cutting planes may or may not be parallel to each 
other. They may or may not be projecting planes; their direction 
will be determined by the conditions of each problem. 


In the figure the cutting planes S and T are chosen to 
illustrate the principle. Plane S is an H projecting plane 
passed through the edge line CD of the square prism. It is 
represented by an H 
trace only. Plane S 
cuts the two straight 
lines AA and BB from 
the triangular prism. 
The lines AA and BB 
intersect the line CD 
at the points K and 
Lrespectively. These 
are points on the lines 
of intersection which 
may be joined in the 
proper order to the 
points N, O, and Q, 
already determined. 
Similarly, the plane 
T, passed through the 
edge line EF of the 
square prism, cuts 
two lines from the tri- 
angular prism which intersect EF at the points G and J. 
These are also points on the lines of intersection and are 
joined to the points M, P, and Q to complete the intersec- 
tion of the two surfaces. The nine points are joined together 
by means of full and dash lines to indicate the visible and 
invisible portions of the lines of intersection. The H pro- 
jection of the square prism contains the H projections of the 
lines of intersection, as indicated by the heavy-line portions 
of that projection. 








Fic. 116. Intersection of plane surfaces 
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96. Intersection of a plane and a curved surface or of two 
curved surfaces, and the determination of the invisible 
portions of lines drawn on a surface 


The line of intersection of a plane and a curved surface 
may be a straight line, or it may be any plane curve, such as 
a circle, an ellipse, a parabola, or an irregular curve which 
cannot have any descriptive name given to it. Two curved 
surfaces may intersect in a similar manner or in a three- 
dimensional curve. In many instances the shape of the 





ly’ 
Fic. 117. Intersection of Fic. 118. Intersection of 
triangle and sphere triangle and cone 


line of intersection can be determined by inspection and 
its projections drawn without making use of the general 
principle of determining intersections. Where possible this 
should be done, as shown in Figs. 117, 118, 119, and 120. 
In other cases the curved surface may be of such a shape, 
or the angles of tilt of the plane or the location of the two 
surfaces relative to each other may be such, that it is neces- 
sary to pass a number of cutting planes in each case in 
accordance with the requirements of the general intersec- 
tion method of Article 95, and to determine the lines of in- 
tersection point by point. The typical cases discussed in 
the following articles are of such a character. 
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The general principle or method of intersections, stated in 
Article 95, requires a series of similar and sequential steps in 
the solution of any intersection problem. It is the general 
analysis for all problems. Therefore a statement of how 
these steps are to be carried out constitutes the principal 
item of additional analysis needed for the solution of any 
problem in the intersection of surfaces by this method. Be- 
cause of the universal applicability of this general principle, 
only such supplementary directions as are essential to make 
the principle easily operative in each case are included under 
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Fig. 119. Intersection of Fic. 120. Intersection of sphere 
circular cylinders and cylinder 
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the formal heading of Analysis in the following problems. 
These supplementary directions apply principally to the 
matter of determining the character and location of the cut- 
ting planes to be passed in each particular case. 

Since a surface is considered opaque, lines that are drawn 
on certain portions of it are concealed from the observer by 
other portions of the surface. These invisible or hidden lines 
are usually parts of some line of intersection of the surface 
With a plane or other surface. They must be represented by 
the draftsman’s broken or dash-line convention. Lines ona 
surface that are invisible from the point of view of the ob- 
server when he is making the elevation view of the surface 
may be entirely visible in the plan view. The determina- 
tion of the invisible portions of a line on a surface is best 
made by choosing a point on the line whose projections are 
known and applying to it a general scheme of space analy- 
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sis that will fix not only the visibility of the single point 
in each view, but also that of adjoining points and thus the 
visibility of the whole line. Several simple examples are 
discussed below. 

Sphere. Assume that the point A on the line of intersec- 
tion of the sphere with a plane has been found and its visi- 
bility is to be determined in each view, Fig. 121. Obviously 
this point, as well as all other points on the sphere whose 
projections are below the trace of 
the mid-section plane S, in the 
elevation view, is on the bottom 
half of the sphere. The point A : 
is invisible from a point of view 
above the sphere, the direction 
from which the observer must 
look at the surface when making 
the plan view. Its projection in 
the plan view, therefore, must be 
on the dash-line portion of the 
curve. Points immediately adjoin- 
ing the point A on the given line 
of intersection must also have their Fe. 121. Visible and invisi- 
H projections on the broken-line ge rai thas aay 
portion of the curve. Similarly, the point A, as well as all 
other points on the sphere whose projections are below the 
trace of the mid-section plane T in the plan view, must be 
on the front side of the sphere and therefore visible in the 
elevation view. The mid-section planes, S and T, cut the 
circles from the sphere that are projected as the representa- 
tions of the surface on the H and V coérdinate planes. Since 
the plane S separates the visible portions of the sphere 
from the invisible portions when the observer is looking 
at the sphere from the top, and since the plane T sepa- 
rates the visible from the invisible portions when the 
observer is in front of the sphere, the points, on either 
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projection of the line of intersection, at which the curve 
becomes tangent to the projection of the corresponding 
mid-circle are the dividing points between the visible 
and invisible portions of these curved projections. Conse- 
quently the determination of the visibility of a single point 
on each projection of the curve of intersection is sufficient 
to determine the dash-line portion of the projection as the 
curve is drawn through 
the plotted points. 

The foregoing discus- 
sion may be applied to 
other surfaces of revolu- 
tion with slight modifica- 
tion of detail in certain 
instances. 

Cone. Fig. 122 repre- 
sents an oblique cone A, 
on which its line of in- 
tersection with a plane | 
is to be traced. Assume 
that the point B on 
the line of intersection 
has been located and its . 
visibility is to be determined. It is on element A12 of the 
cone. Obviously, from the plan view, element A12 is on the 
front portion of the cone; therefore it can be seen by 
the observer when standing in front of the cone to obtain 
the elevation view. Consequently the vertical projection 
of the point B must be on the full-line portion of the vertical 
projection of the curve of intersection. Points on either side 
of b’ in this projection must be visible, and therefore a full 
line is drawn through them and extended until the two 
points of tangency with the contour elements, A2 and A8, 
are reached, when the curve becomes invisible and is rep- 
resented by a dash line. 
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Fic. 122. Invisible lines on a cone 
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The element A12 is shown by the plan view of the base to 
be on the lower portion of the cone, as are also elements A7 
to All, inclusive. Except for the segment which is visible 
through the open base, it is invisible from above, the posi- 
tion of the observer when the plan view is being made; 
hence the projection of the point B, which is on element 
A12, must, in the plan view, be on a dash-line portion of 
the curve of intersection. The points of tangency of the 
projection of the curve of intersection with the contour 
elements in this view separate the full from the dash-line 
portions, just as in the vertical projection. Since the base 
of the cone is considered open, the problem of determining 
the visibility of the curve of intersection is*further affected 
by the fact that any line on a surface is treated as if it were 
a joint or seam in the surface and therefore visible from 
either side. This is the reason why the portion of the pro- 
jected curve in the plan view, running through points 7, 8, 
9, 10, and 11, is shown as a visible line. 

The discussion of the determination of the visible and in- 
visible lines on the cone applies equally well to the cylinder. 
If two closed surfaces such as the cone and cylinder, for 
instance, intersect, there are likely to be four points of tan- 
gency of the projected curve with contour elements ; hence 
a point on each section of the curve must be tested as out- 
lined above to fully determine the visibility. Furthermore, 
each section of the line must be considered first as a line on 
the cone, then as a line on the cylinder, before the final 
judgment can be made. If either surface hides the section 
in question from the observer, then it must be shown as a 
dash line. The visibility of a point on the line of intersec- 
tion of two surfaces may be decided in any projection by 
the following rule: If the two elements which determine 
a point are visible, their intersection is a visible point ; 
if either of the elements is invisible, the point of inter- 
section is invisible. 
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An important reverse application of the foregoing reason- 
ing for determining visibility occurs in the problem of pass- 
ing a plane through the base of any given cone or cylinder, 
when the visibility of the projections is already indicated 
on the drawing, as shown in Fig. 123. Here two lines must 
be drawn between points that are selected on the base curve, 
in order to determine the plane of the base. If one projec- 
tion of a point is assumed, say 
the H projection, a, in the figure, 
and a projecting line is dropped 
to the vertical projection, then 
the question of which of two 
possible positions on this pro- 
jection of the curve is the cor- 
rect one for the assumed point 
can only be answered by a study 
of the base curve from the point 
of view of its visible and invisi- 
ble parts. From the H projec- - 
tion it is seen that the point A 
must be on the back and upper 
portion of the cylinder. It is 
also seen to be behind portions 

Fic. 123. Visible and invisible of the cylinder that extend be- 
eae Shas) yond it toward the left. There- 
fore point A must be invisible when the cylinder is viewed 
from the front, and consequently its vertical projection 
must be found on the dash-line portion of the vertical 
projection of the curve, that is, at a’. 

By the selection of the H projection of the point B as shown 
in the figure and the use of a similar line of reasoning to that 
used in the case of the point A, it is determined that the verti- 
cal projection of B must be on a full-line portion of the 
vertical projection of the curve, hence at b’. In the case of the 
point C, where the H projection, c, is assumed and where 
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it is determined that its vertical projection must be on a full- 
line portion of the vertical projection of the curve, there 
arises the problem of properly fixing its location, since the 
projector from ¢ can terminate in two possible points and 
still satisfy the requirement. This difficulty may be over- 
come by considering the points immediately to the left of 
the point B on the base curve and noting, as they are pro- 
jected one after another, that for point C to be in the 
sequential position indicated by its H projection, c’ must 
be on the lower sweep of the vertical projection. 

Lines drawn between the points A, B, and C determine 
the plane of the base of the given cylinder. 


97. To find the line of intersection of a given cone and plane 


Analysis. See the general principle of Article 95. The 
necessary auxiliary cutting planes should be so passed 
through the two surfaces that they will cut from the cone 
either straight lines (elements) or curves that will project 
in one view as straight lines and in another as circles. In 
the first instance the planes will all contain the apex of the 
cone; in the second instance none of the planes will contain 
the apex, but they will, in general, be parallel to the plane 
of the base of the cone. In each case straight lines will 
be cut from the given plane. 

Construction One. Given the oblique elliptical cone A 
and the intersecting plane T, Fig. 124. Pass a series of H 
projecting planes, M, N, P, Q, etc., through the elements of 
the cone Al to Al2, inclusive. Plane P is chosen to exem- 
plify the procedure to be followed in each case. It cuts 
elements A3 and All from the cone. It also cuts the line VH 
from the given plane T. The line VH intersects element A3 
at the point B, a point on the required line of intersection. 
The line VH intersects element A11 at the point C, a second 
point on the required line of intersection. Other points on 
the line of intersection are obtained in the same way as were 
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the points B and C, but the constructions have been omitted 
from the drawing. The smooth-curved lines, joining the re- 
spective H and V projections of the points thus found, con- 
stitute the two projections of the required line of intersection. 
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Fic. 124. Intersection of plane and cone (cutting planes through elements) 


Construction Two. Given the oblique elliptical cone A 
and the intersecting plane T, Fig. 125. Obtain the line of 
centers, AC, of the cone (see Article 87 and Fig. 105). Pass 
a series of H projecting planes, M, N, P, Q, etc., through 
the cone parallel to the plane of its base. Each of these 
planes cuts an ellipse from the cone. Each ellipse projects 
upon the V plane as a circle with its center at the vertical 
projection of the point in which the line of centers, AC, 
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pierces the plane cutting the ellipse from the cone. The diam- 
eter of each circle is such as to make the circle tangent to the 
vertical projections of the two contour elements of the cone. 
Kach ellipse projects upon the H plane as a straight line 
coinciding with the H trace of the cutting plane. For ex- 
ample, the plane N cuts an ellipse from the cone which pro- 
jects upon the V plane as a circle with its center at c,’, and 
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Fic. 125. Intersection of plane and cone (cutting planes parallel to base) 


upon the H plane as a straight line coinciding with the H 
trace of N. The plane N cuts the line VH from the plane T. 
The line VH intersects the ellipse whose center is C, at the 
points B and D, which are on the required line of intersection. 
Other points on the line of intersection are obtained in 
the same way as were the points B and D, by the use of the 
planes M, P, Q, R, etc. The smooth-curved lines joining the 
projections of these points constitute the projections of 
the required line of intersection. 
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Discussion. This method of finding the line of intersec- 
tion of a cone and a plane is not always a satisfactory one 
because of the confused condition of the drawing where the 
circular projections converge. However, since the lines cut 
from the given plane by the series of projecting planes are 





Fic. 126. Intersection of plane and cone (auxiliary-plane method) 


parallel to each other, the method is a very rapid one to use. 
Only the projections of one piercing point of each line of in- 
tersection need be found. 

Construction Three. Given the oblique elliptical cone A 
and the intersecting plane T, Fig. 126. Set up the auxiliary 
codrdinate plane 3 perpendicular to the H plane and to the 
plane T and project the cone A upon it. This is best done 
by first projecting the apex of the cone to a; and then pro- 
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jecting a sufficient number of base points, 1, 2, 3, 4, etc., 
upon plane 3 to determine a smooth curve for this new base 
projection. The base points should be selected carefully 
with a view to keeping the constructions as open as possible 
and at the same time furnishing enough points to insure 
accurate intersections. Straight lines joining each base- 
point projection to a; constitute the plane-3 projections of 
a selected group of elements of the cone. Other elements 
may be inserted at desirable places. Plane T shows as the 
trace tsl; on plane 8. This trace is the edgewise view of the 
plane T. The full-line segment, esfs, of tst3 is the edgewise 
view of the line of intersection of the plane T and the cone A. 
The H and V projections of points on the required line of 
intersection are obtained from this auxiliary view by return- 
ing the point of intersection of each element, Al to A12, 
with e3f; to the H and V projections of the corresponding 
elements by means of the usual constructions. For exam- 
ple, 6; is one of these points at the intersection of a;8 and 
é;f;. It returns to b on the H projection of element A8 and 
to b’ on the vertical projection of A8, as shown in the figure. 
The H and V projections of the points of intersection of the 
other eleven elements are found in a similar manner, and 
smooth curves are drawn through each set of projections 
thus determined. 

Construction Four. Given the oblique elliptical cone A 
and the intersecting parallelogram BCDE, Fig. 127. Set 
up the auxiliary codrdinate plane 3 perpendicular to the 
plane of the parallelogram by drawing 0-3 perpendicular to 
cd, the H projection of a line parallel to the H plane and 
lying in the plane of BCDE. Project the cone A upon this 
auxiliary plane in the manner explained in Construction 
Three and shown in Fig. 126. Project the parallelogram 
BCDE upon plane 3 at bsc3d3e3. This straight-line projec- 
tion is the edgewise view of the parallelogram and also of its 
intersection with the cone. The plane-3 projections of a num- 
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ber of points on the required line of intersection are located 
by marking the points of crossing of the plane-3 projections 
of the twelve selected elements, Al to Al2, and the line 
bscsd3e3. The H and V projections of these points are ob- 
tained by the usual return constructions, and a smooth 
curve is then drawn through the projections of each group. 




















Fic. 127. Intersection of cone and parallelogram (auxiliary-plane method) 


Discussion. Several important details, developed in the 
four constructions of this article, should be emphasized : 


1. Projecting planes should be used as the cutting planes 
where possible, and they should be so spaced that a uni- 
form distribution of points on the line of intersection 
will result (Fig. 124). 

2. Numerical markings on the projections of the bases of 
cones and other surfaces are more satisfactory in inter- 
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section problems than literal markings, in that the 
range is unlimited and no duplication of other impor- 
tant lettering on the figures can occur. All prime and 
subscript designations of these numbers may be dis- 
pensed with without any confusion resulting. These 
numerical markings should be put on each codrdinate 
view of the base, as shown in Figs. 126 and 127, and 
even on the projections of the line of intersection in 
complicated cases. 

3. The base numbering may well be done at the outset of the 
construction and in such a way that a single line projec- 
tion in one view may suffice for two elements on the 
cone, as, for example, the H projections of the elements 
in Fig. 126. 

4, Extra planes should be inserted when it is found that the 
series of planes chosen leaves too wide a gap between 
certain of the determined points on any projection of 
the required line of intersection. 


Since a cylinder is simply a cone with its apex at infinity, 
the foregoing analysis and constructions may be used to 
determine the line of intersection of a plane and a cylinder. 


98. To find the line of intersection of a given surface of 
revolution and a plane 


Analysis. See the general principle of Article 95. The 
auxiliary cutting planes must be passed perpendicular to the 
axis of revolution of the given surface, thereby cutting 
circles from that surface. Straight lines will be cut from 
the given plane. 

Construction One. Given the prolate ellipsoid of revolu- 
tion and the intersecting plane R, Fig. 128. The axis of 
revolution of the ellipsoid is the line AB perpendicular to the 
H plane. Pass the V projecting planes M, P, Q, etc. through 
the ellipsoid and perpendicular to AB. Plane P is chosen to 
exemplify the procedure to be followed with each plane. It 
cuts the straight line VE from the plane R and a circle from 
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the ellipsoid. The vertical projection of the circle is the 
straight line c’d’ in the V trace of plane P; its horizontal 
projection is the circle cod with its center at a. The line VE 
intersects the circle COD at the points N and O on the re- 
quired line of intersection. Other points on the line of inter- 
section are obtained 
in the same way by 
using other planes 
of the series, but 
the constructions 
have been omitted 
from the drawing. 
The smooth-curved 
lines joining the 
respective projec- 
tions of the points 
thus found consti- 
tute the projections 
of the required line 
of intersection. 

Construction Two. 

Given the prolate 
ellipsoid of revolu- — 
__,. tion and the inter- 

Fic. 128. Intersection of plane and ellipsoid ; 5 
of reealiton secting plane §, Fig. 
129. Set up the aux- 
iliary coérdinate plane 8 perpendicular to the plane S and 
parallel to the axis, AB, of the ellipsoid. Project the ellipsoid 
upon plane 8. It appears as an ellipse identical in size with 
that of the vertical projection, since both plane 3 and the V 
plane are parallel to the axis, AB. The trace s,s, is the edge- 
wise view of the plane S and contains c,d 3, the plane-3 projec- 
tion of the required line of intersection. Pass the auxiliary 
plane-3 projecting planes M, P, Q, ete. through the ellipsoid 
and perpendicular to AB. Plane P is chosen to exemplify the 
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procedure to be followed with each plane. It cuts a circle 
from the ellipsoid which projects as the straight line e,f, on 
plane 3, as the circle egfk on the H plane, and as the straight 
line g’k’ on the V plane. The plane-3 projection of the line 
cut from the plane S by the plane P is a point and coincides 
with the point of intersection of e3f; with c,d3. Conse- 
quently this point is the plane-3 projection, 1303, of two 








Fic. 129. Intersection of plane and ellipsoid of revolution 


points, N and O, on the required line of intersection. These 
points are returned in the usual manner to the H and V 
projections of the circle EGFK, as n and o, and n’ and 0’, 
respectively. Other points on the line of intersection are 
obtained in the same way as were points N and O. The 
smooth-curved lines drawn through the H and V projec- 
tions of the points thus found, together with czd3, constitute 
the three projections of the required line of intersection. 
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Discussion. Except when the axis of revolution is in- 
clined to two or all the principal codrdinate planes, the 
auxiliary-plane method has little advantage over the method 
of Construction One in solving problems of intersection 
where the sphere or ellipsoid of revolution is involved. One 
point of importance in favor of the method lies in the fact 
that the position of the line of intersection on the surface of 
revolution can be told readily from the auxiliary view; 
hence the cutting planes can be spaced more effectively and 
within definite limits on the drawing. In no case should an 
auxiliary plane be used in such problems unless set up 
parallel or perpendicular to an axis of revolution. 


99. To find the line of intersection of two given cones 


Analysis. See the general principle of Article 95. The 
auxiliary cutting planes must be passed through the two 
cones so that they contain the line joining the apexes of 
the cones, thereby cutting elements from each cone; or, in 
certain instances, they may be passed parallel to the bases . 
of the cones if, by so doing, they will cut sections from the 
cones that project as circles on one of the codrdinate planes 
and as straight lines on another. 

Construction. Given the two intersecting oblique ellipti- - 
cal cones A and B, Fig. 180. Connect the apex of the cone 
A to the apex of the cone B by the straight line AB. Pass 
the series of cutting planes M, N, Q, R, S, and T through 
the line AB. Each plane, except the two tangent planes 
M and T, cuts two elements from each cone. Each element 
cut from the one cone by a cutting plane intersects the two 
elements cut from the second cone by the same cutting 
plane in two points that are on the required line of inter- 
section. For example, plane R cuts the two elements num- 
bered A4 and A4 from cone A and the two elements 
numbered B4 and B4 from cone B. The determination of 
the four elements which plane R cuts from the two cones is 
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made easy in this particular case by the fact that each base 
is in one or another of the codrdinate planes. Element A4 
on the upper portion of cone A intersects the two elements 








ok, 
= 
iif 


S 


Fic. 130. Intersection of two oblique cones (cutting planes 
through elements) 


B4 and B4, on the cone B, at the points C and D. Ele- 
ment A4 on the lower back portion of cone A intersects 
elements B4 and B4 at the points E and F. Other points on 
the required line of intersection are obtained in a similar 
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manner, but the constructions have been omitted from the 
drawing. Smooth curves are drawn through the respective 
projections and the invisible portions represented in each 
view by the usual dash-line convention. 

Discussion. If the base of either of the two intersecting 
cones is not in a coordinate plane, it will be necessary to pro- 
duce that cone until its base is in one or another of the coor- 
dinate planes. If both bases are in one coérdinate plane, 
only one trace of each cutting plane need be drawn; other- 
wise, two traces are needed. If the bases of the two cones 
are in parallel projecting planes and show on one codrdinate 
plane as circles, then the cutting planes may be passed 
parallel to these base planes and the constructions car- 
ried out as in Figs. 182 and 185 (see Construction Two 
of Articles 100 and 101 for an explanation of the method 
suggested). 

In the problem of finding the intersection of a plane and 
cone (Figs. 124 and 127) it was found sufficient in the con- 
structions to mark the elements of the cone in a simple 
numerical order without reference to the cutting planes. 
In more complicated cases, like that of Fig. 130, it is essen- 
tial that a somewhat elaborate system of numbering be 
employed and one that definitely ties up with the cutting | 
planes. Probably the most practical system is that used in 
Fig. 180. Plane M is considered to be the first cutting plane 
passed. The elements cut from both cones by this plane are 
numbered 1 at their intersection with the bases of the cones. 
Plane N is considered the second plane passed ; elements 
cut from the cones by it are numbered 2 at the base points. 
Other elements are numbered in order as successive planes 
are passed. If an insert plane is needed, say, for example, 
between planes N and Q, then the elements cut from the 
cone are numbered 2A; if the insert plane is passed be- 
tween planes Q and R, the elements are numbered 3A; and 
so on for any number of insert planes. 
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In order to connect the projections of the determined 
points of intersection in the proper order it is often desir- 
able to extend the numbering scheme to the projections 
themselves. The H and V projections of the line of inter- 
section of the two cones of Fig. 180 are treated in that way. 
On them is given the point numbering that results from the 
employment of the system described in the preceding para- 
eraph. A careful study of the drawings will serve to develop 
the advantages of the numbering system recommended and 
the principle upon which it is based. 


100. To find the line of intersection of a given cone and 
cylinder 

Analysis. See the general principle of Article 95. Since 
a cylinder is the special case of a cone with its apex at infin- 
ity, the Analysis of Article 99 is applicable to this problem. 
The line which must be drawn through the apex of the cone 
to control the direction of the cutting planes will necessarily 
be parallel to the axis or elements of the cylinder. In special 
cases where the base of either or both surfaces projects as a 
circle upon one of the codrdinate planes and as a straight 
line upon either of the other two, the cutting planes may be 
passed through the elements of the cylinder parallel to the 
base of the cone, or they may be passed parallel to both 
bases of the surfaces, depending upon the given conditions. 

Construction One. Given the oblique elliptical cone A 
and the intersecting oblique elliptical cylinder B, Fig. 181. 
Since the base of the cone A, as given, does not lie in a coor- 
dinate plane, the cone is extended until it intersects the V 
plane. The constructions for this part of the solution of the 
problem are shown in light lines on the drawing. The ele- 
ments used in extending the cone are not the same as those 
cut from it by the planes M to T, hence the necessity for 
the double system of numbering shown. Draw the line AH 
through the apex of the cone and parallel to the elements of 
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the cylinder. Through the line AH pass the series of cutting 
planes M, N, Q, R,S, and T. Except M and T, each plane 
cuts two elements from the cone, which intersect each 
of the two elements cut from the cylinder in points on the 
required line of intersection. For example, plane S cuts the 


h 














Fig. 131. Intersection of oblique cone and cylinder (cutting planes 
through elements) 


elements numbered 5 from each surface. Element A5 on 
the upper front portion of the cone intersects the two ele- 
ments numbered 5 on the cylinder at points C and D. 
Element A5 on the lower front portion of the cone intersects 
the two elements numbered 5 on the cylinder at points E 
and F. Other points on the line of intersection are obtained 
in a similar manner and smooth curves drawn through their 
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projections with the usual dash-line convention showing the 
invisible portions in each view. 

Construction Two. Given the oblique elliptical cone A 
and the intersecting oblique elliptical cylinder B, with their 
bases lying in parallel H projecting planes and projecting 
as circles on the V plane, Fig. 182. Pass the series of cut- 
ting planes M, N, Q, etc. parallel to the planes of the two 
bases of the given 
surfaces. Each plane 
cuts ellipses from the 
surfaces, which pro- 
ject as circles on the V 
plane and as straight 
lines on the H plane. 
The intersections of 
each pair of circles are 
the V projections of 
two points on the re- 
quired line of intersec- 
tion. For example, 
plane N cuts ellipses 
from the cone and 
cylinder that are rep- 
resented on the V 
plane by the two cir- 
cles whose centers are 
c’ and d’ respectively. The H projections of the ellipses lie 
in the H trace of plane N. The two circles intersect in the 
points e’ and f’, from which e and f are projected to establish 
the two points E and F. Other points on the curve of inter- 
section are obtained ina similar manner and smooth curves 
drawn through their corresponding projections. Since the 
curves cut from the surfaces by the plane M do not intersect, 
an insert plane Nz not shown on the drawing, is used to obtain 
points on the line of intersection between planes M and N. 





Fic. 182. Intersection of cone and cylinder 
(cutting planes parallel to bases) 
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The numbering system developed in Article 99 may be 
applied to advantage in this construction to keep the cir- 
cular projections properly correlated with each other and 
with the cutting planes. 

Discussion. Although the method explained in Construc- 
tion Two permits of the very rapid determination of points 
on the line of intersection and should be used when condi- 
tions are favorable to its application, in many instances 
the numerous overlapping of the circles in one view causes 
confusion and inaccuracy of construction and may neces- 
sitate the abandonment of the method in favor of that 
employed in Construction One. 

Construction Three. Given the oblique elliptical cone A 
and the cylinder B with its elements parallel to the plane of 
the base of the cone, Fig. 183. Passa series of cutting planes 
M,N, P, Q, ete. through the elements of the cylinder and 
parallel to the plane of the base of the cone. Each plane, : 
except the two tangent planes M and Z cuts two elements 
from the cylinder and an ellipse from the cone that show, . 
respectively, as straight lines and a circle in H projection. 
The points of intersection of the circle with the projection 
of one or both of the elements cut from the cylinder by a 
single plane give H projections of one, two, three, or four. 
points on the required line of intersection, from which the V 
projections are readily found. For example, plane Q cuts 
the two elements from the cylinder that are numbered 4 in 
the figure. It cuts an ellipse from the cone that projects 
upon the H plane as circle 4 with its center at c. The H pro- 
jections of the intersections of one element numbered 4 with 
the circle 4 give the points e and f, from which e’ and f’ are 
projected in the usual way. The second element cut from 
the cylinder by the plane Q does not intersect the cone, 
since circle 4 does not intersect the H projection of this 
element. Other points on the line of intersection are ob- 
tained in a similar manner and their projections connected 
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by smooth curves. Element 1 on the cylinder does not pierce 
the cone, but this fact could not be foreseen at the beginning 
of the construction, when the cutting plane M was passed. 

Discussion. It should be noted that the method of Con- 
struction Two is identical in principle with that of Construc- 
tion Three and does not require that the bases of the surfaces 





Fic. 133. Intersection of cone and cylinder (cutting planes through ele- 
ments of cylinder and parallel to base of cone) 


be in the codrdinate planes. The chief advantages of the 
method are that all the constructions are kept within the 
limits of the drawing of the problem itself; that no ground 
lines are needed; that the surfaces do not have to be ex- 
tended to obtain bases in the codrdinate planes; and that 
in every way the work of obtaining the line of intersection is 
shortened and made simple. The method cannot be applied 
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to every set-up, however, with an equal degree of success. 
Only the judgment of the draftsman can be relied upon as a 
guide in the choice of method in any given problem. 


101. To find the line of intersection of two cylinders 


Analysis. See the general principle of Article 95. The cut- 
ting planes to be passed through the two cylinders must all 
be parallel to a direction plane that contains two lines drawn 
through any selected point in space and parallel, respec- 
tively, to the elements of the cylinders. The cutting planes 
may, however, be passed parallel to the plane of the base of 
either or both cylinders if the sections cut from the cylinders 
project upon one of the codrdinate planes as circles and upon 
another as straight lines. 

Construction One. Given the two oblique intersecting 
cylinders A and B, Fig. 134. Through any selected point O 
draw the line OH parallel to the elements of the cylinder 
A, and draw OV parallel to the elements of the cylinder B. 
Plane W, passed through OH and OV, is the directing plane 
for all cutting planes. Pass the series of cutting planes M, 
N, Q, etc. through the cylinders and parallel to the plane W. 
Each plane, except the tangent planes M and U, cuts two 
elements from each cylinder. Each element that is cut from 
the one cylinder by a cutting plane intersects the two ele- 
ments cut from the second cylinder in two points that are 
on the required line of intersection. For example, plane R 
cuts the elements numbered 4 from the cylinders A and B. 
Element 4 on the lower back portion of cylinder A intersects 
the two elements numbered 4 of cylinder B in the points C 
and D. Element 4 on the upper front portion of cylinder A 
intersects the two elements numbered 4 of cylinder B in the 
points E and F. Other points on the line of intersection are 
obtained similarly and smooth curves drawn through their 
projections. It should be noted that, outside of the matter 
of determining the direction of the cutting planes, the pro- 
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cedure for finding the elements cut from the two cylinders 
and their points of intersection with each other is like that 
for the two cones of Fig. 130, Article 99, to which reference 
should be made for further details of construction. 
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Fic. 184. Intersection of two oblique cylinders (cutting planes 
through elements) 


Construction Two. Given the two oblique intersecting 
cylinders A and B, with their bases in parallel V project- 
ing planes and projecting as circles on the H plane, Fig. 135. 
Pass the series of evenly-spaced projecting planes M, N, Q, 
R, etc. parallel to the planes of the bases of the two cylinders. 

Each plane cuts an elliptical section from each cylinder, 
which projects as a circle upon the horizontal plane. The 
two ellipses cut from the cylinders by each cutting plane 
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intersect in two points of the required line of intersection, 
which are indicated in the horizontal projection by the cross- 
ing of the two circles. For example, the fifth plane, S, cuts 
an ellipse from the cylinder A which projects upon the H 














Fig. 1385. Intersection of two oblique cylinders (cutting planes parallel 
to bases) 


plane as the circle whose center is at c and whose diameter 
is fixed by the necessary two points of tangency of the circle 
with the projections of the contour elements. Plane § cuts 
an ellipse from the cylinder B which projects as a circle 
upon the H plane with center at d and tangent to the pro- 
jections of the contour elements of the cylinder B. These 
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circles, which are numbered 5, intersect at e and f, which pro- 
ject to e’ and f’ in the vertical view. Other points on the line 
of intersection are obtained in a similar manner, but before 








Fic. 136. Intersection of two oblique cylinders (cutting planes 
through elements parallel to base) 


smooth curves can be drawn through their projections, in- 
sert planes Ma, Qa, and Ra are passed to secure additional 
points on the line of intersection at critical places in its curva- 
ture, a procedure often carried out in intersection work. 
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Construction Three. Given the two oblique intersecting 
cylinders A and B, with the elements of cylinder A parallel 
to the plane of the base of cylinder B and with the base 
of cylinder B projecting as a circle on the V plane and as a 
straight line on the H plane, Fig. 136. Pass the series of 
cutting planes M, N, Q, R, etc. through the elements of 
cylinder A and parallel to the plane of the base of cyl- 
inder B. The procedure for determining the individual 
points on the required line of intersection is identical with 
that of Construction Three, Fig. 183, of Article 100, to 
which reference should be made for further details of con- 
struction. Attention is again called to the results of ex- 
tending the base numbering system to the projections of the 
line of intersection. The advantages of the system are self- 
evident when used in this way. The use of insert planes, 
though not shown in the drawing, for locating points 1A and 
7A should be noted. 

Construction Four. Given the two oblique intersecting 
cylinders A and B, Fig. 187. Set up an auxiliary codrdinate _ 
plane 3 perpendicular to the axis of cylinder B and project 
the two cylinders upon this plane. This is accomplished 
most readily by first projecting the axis of each cylinder 
upon plane 3 as a3¢3 and as b3d3, as shown in the figure, then . 
projecting each numbered point on the base of each cylinder 
upon plane 3. Draw smooth curves through these points. 
They are the plane-38 views of the bases and contain the 
terminal points of all elements to be drawn parallel to the 
axes already projected upon the plane. Cylinder B, being 
perpendicular to plane 3, is shown completely upon that 
plane by the plane curve drawn through the projections of 
the base points. This curve coincides with or contains the 
plane-3 projection of the required line of intersection of the 
two cylinders. The plane-3 projection of each numbered 
element of cylinder A is drawn parallel to azc3. At the points 
of crossing, in the plane-3 view, of the projected elements 
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of cylinder A and the curve representing the end view of 
cylinder B, projections of definite points on the required 
curve of intersection are located which may be returned to 
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Fic. 137. Intersection of two oblique cylinders (auxiliary-plane method) 


the H and V projections by the usual construction lines, as 
shown for the points E and’ F on element 5 of cylinder A. 

Discussion. The end view shows that the two cylinders 
A and B are tangent to the same plane, A along its element 8 
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and B along an element between 8 and 9, and that cylinder B 
is circular in cross section, facts not readily discovered from 
the other two views. The end view also assists in determining 
the portions of the curve that are invisible in the other two 
views. The method of Construction Four is applicable to 
any problem involving the cylinder and does not require that 
a base be in any coordinate plane, as does Construction One. 


102. To find the line of intersection of a given surface of 
revolution and a cone or cylinder 
Analysis. See the general principle of Article 95. The cut- 
ting planes to be passed in this instance should all be perpen- 
dicular to the axis of the surface of revolution, thus insuring 











Fic. 188. Intersection of cone or cylinder with a surface of revolution 


that circles will be cut from this surface, while the lines cut 
from the cone may be any of the conic sections, or, in the 
case of the circular cylinder, they may be straight lines, 
circles, or ellipses. The intersections of the lines that are 
cut from the two surfaces by any plane are individual 
points on the required line of intersection. 

Discussion. In general cases, such as those illustrated 
in Fig. 188, it will be necessary to find the line of intersection 
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of each cutting plane with the cone or cylinder by one of the 
constructions of the previous articles. For example, the 
plane M in the first figure cuts an ellipse from the cone; in 
the second figure the plane N cuts an ellipse from the cyl- 
inder. The projections of the ellipses on the horizontal 
plane are found by the methods of Article 97. Since this 
must be done for every cutting plane used in the solutions, 
the process becomes a very tedious one in most cases. But 
when the surface of revolution is a sphere, the construction 
may be shortened considerably, because of the fact that any 
diameter of the sphere may be treated as its axis; hence the 
cutting planes may be passed in the most advantageous way 
with respect to the cone or cylinder. The constructions for 
this case only are shown. 

Construction. Given the sphere with its center at C, and 
the oblique intersecting cylinder A, Fig. 139. Since the 
center of the sphere is on the axis of the cylinder, and since 
the diameter of the sphere is larger than that of the cylinder, 
there will be two separate curves of intersection, on oppo- 
site sides of the sphere. Pass the series of cutting planes 
M,N, Q, R, ete. through predetermined elements of the 
cylinder. Each plane is an H projecting plane and cuts a 
circle from the sphere. Set up the auxiliary codrdinate 
plane 3 parallel to the elements of the cylinder and the cut- 
ting planes. The circles cut from the sphere by planes M,N, 
Q, etc. project upon the auxiliary plane as circles with 
centers at c;. The elements cut from the cylinder project 
upon plane 3 in true length and parallel to az¢3. They cross 
the corresponding circles in points which are the plane-3 
projections of individual points on the required line of inter- 
section. These projections are readily returned to H and V 
projections, as shown in the figure. For example, plane s 
cuts elements 3 and 11 from the cylinder and a circle from 
the sphere, which project upon plane 3 as lines 3 and 11 
and the circle b;dse,f, respectively. The plane-3 projec- 


178 DESCRIPTIVE GEOMETRY 


tions, b3, ds, és, and fz, where lines 3 and 11 cross the cir- 
cle, determine points B, D, E, and F on the required lines 
of intersection. Other points on both intersections are ob- 
tained in the same way and smooth curves drawn through 
their projections. In determining the invisible portions of 





Fic. 139. Intersection of sphere and cylinder 


the plane-3 projections of the curves of intersection, the stu- 
dent should remember that the observer is supposed to be 
standing, in this case, to the rear of the plane and object 
and looking toward the front. This is in accordance with the 
rule that in third-quadrant projection the codrdinate plane 
must be between the observer and the object, whether the 
plane is one of the principal planes or an auxiliary plane. 
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103. Development of surfaces 


To develop a surface means to roll or lay it out on a plane 
surface. If the surface is closed, it must be cut open along 
some convenient element and the development started on 
this element. The surfaces which may be developed are 
the cone, the cylinder, and the convolute. All others are 
undevelopable surfaces, although approximate develop- 
ments may be made of many of them. 

The purpose of developing a surface is to secure a pattern 
or template which may be used as a guide in cutting the 
shape from flat material, such as sheet metal, which may 
then be bent or rolled into the desired form and connected 
to other given surfaces. Developments made from scaled 
shop drawings must be increased to full size before they can 
be used as cutting patterns. 


104. Sheet-metal developments 


In engineering practice great numbers of sheet-metal 
contrivances are employed in boilers, stacks, tanks, elbows, 
breechings, hoods, hoppers, bins, conveyors, reducing sec- 
tions, transition pieces, ventilators, etc.; in such forms as 
automobile bodies, hoods, fenders, and radiator elements ; 
in fan blades, ship plates, and spiral conveyor segments ; in 
pressed pulleys, wheels, rollers, gears, and gear guards, grease 
cups, and housings; in all sorts of tool parts and household 
utensils; in forms for concrete construction in vaults and 
arches; in cornice linings and architectural ornaments ; and 
in hundreds of other forms seen in everyday use. 

In the manufacture of these devices the process may vary 
from the simple folding of the flat sheet or plate, through 
more or less complex rolling, twisting, and stretching treat- 
ments, to heavy pressing operations that change the blank 
into the desired form. 

A study of the geometrical properties of the surfaces of 
these manufactured devices shows them to be made up, in 
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many cases, of planes, together with portions of cones or 
cylinders. If they are composed of these simple elements 
and the metal from which they are made is thin, they may 
be rolled or folded into shape with negligible stretching or 
compressing of the metal in the process. All other forms 
may be rolled from the flat only with more or less twisting 
or drawing of the metal as they assume their final shapes. 
A very important requirement in development work is the 
ability to analyze the shape into its component parts and to 





Fic. 140. Transition pieces; square to round opening (reduction hoods) 


recognize these parts as being either the whole or a portion 
of some simple geometrical form. After this step, it will be 
found that the development can be derived with compara- 
tive ease, however irregular or complicated the object may 
be. Figs. 140 and 141 will assist the student i in beginning 
such analyses. 

The four transition sections of Fig. 140 are made up of 
parts of four oblique cones and four plane triangles. The 
transition is from a square to a round opening. In Fig. 141 
the transition is from an oblong opening with circular ends 
to a round opening. Each section is made up of two plane 
triangles and parts of two cylinders. 

In comparatively simple work the layout man in the 
shops makes the development directly on the metal sheet, 
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using a straightedge, compasses, steel square, scale, and a 
sharp steel or soapstone scriber. In more complicated work 
the draftsman or layout man must first construct a pattern 
of heavy paper or cardboard, called template-board, which 
may be rolled to shape to test the correctness of the develop- 
ment before it is copied in metal. 

Unless the metal is very thin, an allowance must be made 
in the development because of the thickness of the material, 
especially if two or more pieces are to be joined together. 








Fic. 141. Transition pieces; oblong to round opening (reduction hoods) 


When rolled, a sheet is stretched on the convex side and com- 
pressed or crimped on the concave side in such manner that 
the central or near-central plane is unchanged. This near- 
central plane is called the neutral plane. The following rule 
may be used to make the proper allowance for thickness: 
For a circular drum the development will require a piece of 
metal whose length is the inside circumference of the cyl- 
inder increased by 3.1416 times the thickness of the metal, 
or the outside circumference decreased by an equal amount. 

Allowance must be made for a lap at each joint if the seg- 
ments are to be riveted or telescoped together. Also, it will 
be well to allow a small amount, best determined by expe- 
rience, for inaccuracy in workmanship. This is the more 
necessary if the surfaces involved are only approximately 
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developable, where the possibilities of error are large. Any 
excess of metal thus allowed can be trimmed off when the 
object is formed, whereas a shortage of material would cause 
the entire piece to be wasted. 


105. To develop a right or oblique pyramid 


Analysis. Each face of a pyramid is a plane triangle. If 
the true lengths of the three sides of each triangle are 
obtained, the triangles may be laid out and joined one to 

C another on a single plane 
B, with a common vertex, 
in the order of their posi- 
tion on the pyramid, to 
give the required devel- 
opment. If the pyramid 
is to be closed at the base, 
this portion of the inclos- 
C ing surface may be added 
to the base-line develop- . 
ment of any one of the 
triangular sides. 

Construction One. Given 
theright pyramid A-BCDE, - 
Fig. 142. Begin the development on any lateral edge line, 
such as AB. The true length of AB, by construction, is 
a’b,’. All other lateral edges of the pyramid are of this 
length. Assume the point O at any convenient place on the 
paper as the development of the apex of the pyramid. Draw 
the line OB in any direction and equal to a/b,’ in length. 
With O as a center and a radius OB, draw the indefinite are 
BN. With the point B as a center and radius equal to be, 
the true length of the base of the triangle ABC, draw an 
arc intersecting the arc BN at C. Join the point C to the 
points B and O to obtain the development of the triangle 
ABC. Ina similar manner, the other three triangular faces 





Fic. 142. Development of right 
pyramid 
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of the pyramid are laid out in order, to obtain the required 
development of the lateral faces of the pyramid. The base 
of the pyramid, BCDE, which shows in true size in the plan 
view, is added to the developed base of any triangle with 
due regard to the most economical pattern when used in 
cutting the shape from specified material. 

Construction Two. Given the oblique pyramid A-BCDE, 
Fig. 148. Begin the development of the pyramid on any 
lateral edge line of any triangular face, such as AB, for 
example. The true length 
of the line AB is a’b,’, 
by construction; the true 
length of the line AC is a’c,’, 
by construction; the true 
length of BC is shown di- 
rectly in the plan view as 
be. Assume the point O 
of the development at any 
convenient place on the 
paper. Draw OB in any di- 
rection and equal to a’b,’ 
in length. With O asa cen- Fig. 143. ries of oblique 
ter and a radius equal to 
a’c,’, draw the indefinite are NM. With B as a center and 
a radius equal to bc, draw an arc intersecting NM at the 
point C. Connect the point C to the points O and B by 
straight lines. The triangle OBC is the development of the 
triangular face ABC of the pyramid. Proceed in a similar 
manner with the other three faces of the pyramid and add 
the base of the pyramid to the base of any developed tri- 
angle, as in Construction One. 

Discussion. The bases of pyramids, prisms, cones, and 
cylinders are seldom shown in the developments of the 
surfaces, since the patterns are used mostly in constructing 
sheet-metal conductors of gases, fluids, and the like. 
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106. To develop an oblique cone and to trace upon the 
development the line of intersection of the cone with 
any other surface 

Analysis. If a pyramid of a sufficiently large number of 
sides is inscribed in the cone, and the pyramid is then 
developed as in Article 105, the development of the substi- 
tuted pyramid will be approximately the true shape of the 
required development of the cone. Close approximation 











Fic. 144. Development of oblique cone 


may be attained by increasing the number of sides of the 
pyramid to the limit of accurate construction possibilities. 

Construction One. Given the oblique cone A and its line 
of intersection with a plane already traced upon it, Fig. 144. 
Divide the base of the cone into twelve or more parts and 
connect each division point to the adjacent point by a 
straight line, thus giving the chords 1-2, 2-3, 3-4, ete. One 
chord only is shown on the drawing. Join each division 
point on the base to the apex of the cone by elements Al, 
A2, A8, etc. These elements are the lateral edge lines of 
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the inscribed pyramid. Each chord, together with the two 
connecting elements, forms a plane triangle, which approxi- 
mates a corresponding portion of the cone in the develop- 
ment. Pass the plane S through the base of the cone and 
revolve the base into the horizontal plane about the trace 
ss. This revolved base shows its true shape and therefore 
the true length of each selected chord, that is, the true 
length of the base of each triangular face of the inscribed 
pyramid. Begin the development with any edge line of the 
pyramid. Assume some point O on the paper to represent 
the vertex of the pyramid on the development. Draw O1 
in any direction and equal in length to a,1, the true length 
of element Al by construction. With the point 1 on this 
developed element as a center and with a radius equal to the 
length of the chord 1-2 on the revolved base, describe the 
indefinite are BC. With the point O as a center and with a 
radius equal to the true length of the element A2, describe 
an are cutting the are BC at the point 2 in the development. 
Connect points O and 2 by a straight line. Proceed simi- 
larly for successive triangles around the entire pyramid. Join 
the points 1, 2, 3, etc. on the development by a smooth 
curve. Lay off from O, on each developed element, the true 
distance of the apex of the cone from the given line of inter- 
section as measured on the true-length projections of the 
corresponding elements. For element A1 this distance is 
O1,, equal to a,1, on the true-length projection of the ele- 
ment; for element A2 it is O2,; and so on for each of the 
twelve elements. Connect the points 1,4, 2., 3, etc. by a 
smooth curve to complete the development. 

Discussion. The true length of each chord might have 
been obtained from the plan and elevation views in the same 
way as the true length of the elements, but the method of 
finding the true shape of the base is preferred not only 
because it is more accurate, but also because it furnishes 
a second important item in development work. In rolling a 
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piece of material, which has been cut to the shape of any 
developed pattern, into the shape of the required cone, it 
will be found that a pattern or template of the base is neces- 
sary to insure that the contour of the cone is correct when the 
rolling process is completed. This template is made directly 
from the true-size projection of the base, which, in the fore- 
going construction, was obtained before the development 
was begun. The plane-T section may be treated similarly. 


F 





B, 





Fig. 145. Development of right circular cone 


In the case of a right circular cone, all the elements are 
equal in length and the chords of the circular projection of 
the base may also be made equal. This makes it possible to 
obtain the development of the cone very quickly. It is a 
sector of a circle with a radius equal to the length of the 
elements and an arc length equal to the circumference of 
the base of the cone (see Fig. 145). . 

Construction Two. In practical work the frustum of a 
cone is usually shown on the drawing instead of the full cone. 
The development of the frustum may be accomplished 
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without locating the apex of the cone, by the method of tri- 
angulation, so-called. The method consists in substituting 
a series of plane triangles for the curved surface of the frus- 
tum and then developing the triangles in order. The vertex 
of the first substituted triangle is placed in one base of the 
frustum, while the base of the triangle is made a chord of the 




















Fic. 146. Development of oblique cone (triangulation method) 


second base of the frustum. One side of the triangle must be 
an element of the cone. In the second triangle the condi- 
tions are reversed, and so on alternately around the entire 
surface of the cone. This means that both bases must 
be divided into the same number of proportionate parts, 
beginning on a projected contour element, in order to obtain 
an element as one side of each triangle. 

Given the frustum of an oblique cone, Fig. 146. Draw the 
series of alternately reversed triangles, ABC, CBD, DCE, 
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etc., completely around the frustum. The division points 
on the bases have been obtained from the auxiliary view, 
starting with contour element 1, as shown. Develop each 
triangle by the true-size method employed in developing 
the pyramid of Fig. 143 and the cone of Fig. 144. Only 
the constructions for the triangles ABC and BCD are 
shown. A continuous smooth curve is drawn through the 
points A, C, E, G, etc., and also through points B, D, F, H, 
etc., to more closely approximate the curved bases of the 
frustum when the material used is rolled into shape. Close 
approximation to the actual development of the frustum is 
obtained by using a sufficiently large number of triangles. 
Numerals may be used to advantage to mark the ends of 
the elements on the projections and the development. 


107. To develop an oblique cylinder and trace upon the 
development the line of intersection of the cylinder 
with any other surface 


Analysis. A right section of any cylinder will roll out, or . 
develop, as a straight line, called the ‘‘stretch-out”’ line. 
This line will be equal to the true length of the right-section 
curve. The elements, being perpendicular to the plane of 
the right section, will develop perpendicular to the “‘stretch- 
out”’ line and in true length. Their points of intersection 
with this line will be the developed points of intersection of 
the elements with the right section of the cylinder before it 
was rolled out flat. A part of any element may fall on one 
side of the “‘stretch-out” line, while the remainder may be 
on the other side, depending upon where the right section 
is taken. 

Construction One. Given the oblique cylinder A and its 
line of intersection with two planes, Q and R, already traced 
upon it, Fig. 147. Pass the plane S through the cylinder and 
perpendicular to its elements to obtain the right section, as 
shown in the figure. Revolve this section about ss into the 
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H plane to obtain its true size. Divide the true-size pro- 
jection of the right section into twelve or more parts to in- 
sure that the resulting chords closely approximate the arcs 
they subtend. Draw the H and V projections of the ele- 
ments of the cylinder through projected points on one of its 
bases which correspond to the end points of the chords 
on the true-size projection of the right section. Lay off on 
the chosen ‘‘stretch-out” line, MN, the successive chord 


N___Stretch-out line 











Fic. 147. Development of oblique cylinder 


distances 1-2, 2-3, 3-4, etc. and erect perpendiculars to 
this base line through each division point. On the perpen- 
dicular and to the left of the ‘‘stretch-out” line, lay off the 
length 1-C equal to the true length of element 1 from the 
right section to its intersection with plane R, that is, 1,c. 
On the right lay off the length 1-D equal to 1.d. Proceed 
similarly for each element of the cylinder. Join the points 
C, E, G, etc. and the points D, F, H, etc. by smooth curves. 
Since the cylinder is symmetrical about a plane passed 
through elements 1 and 7, only half of the cylinder need be 
developed. The half pattern may then be used by the shop 
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man in laying out his work, or it may be used by the drafts- 
man in constructing the full pattern. 

Discussion. In selecting the element along which the 
cylinder is to be opened, it is to be kept in mind that the 
resulting pattern should be as regular in outline as possible 
in order to prevent waste in cutting the shape from the 
material to be used in making the cylinder. The method of 
finding the true size of a right section in Construction One 
is equivalent in results to projecting the cylinder upon an 


Length of semicircle—>| 





Fic. 148. Rectification of curved lines 


auxiliary coordinate plane 3 perpendicular to the axis of the 
cylinder. This can be done by using points on the base with- 
out finding the right-section projections at all. A second 
auxiliary plane is necessary if the cylinder is inclined to all 
the codrdinate planes, as in Construction Two. 

The rolling out of a plane curve into its equivalent straight- 
line length is known as rectifying the curve. If greater accu- 
racy is desired in obtaining the ‘“‘stretch-out”’ line than is 
afforded by the substitution of chord distances for their 
subtended arcs, each are may be rectified by the graphical 
method shown in Fig. 148, and these rectified lengths used 
in laying out the pattern. In the first drawing of the figure 
the circle to be rectified is divided into a number of equal 
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ares, 1-2, 2-3, 3-4, etc., by means of the corresponding 
equal chords, subtending equal angles. At the point A on 
the first arc a tangent, AB, is constructed. The chord 1-2 
is then extended outside the circle a distance equal to one 
half its length to the point C. With the point C as a center 
and a radius equal to C-2, the are 2-D is described. The line 
AD is very closely equal in length to the are 1-2. This 
method of rectification gives accurate results on circular 
arcs with subtended angles close to 60°. For larger angles 
the chord extension must be increased, until at 180° it be- 
comes approximately equal to three fourths of the length of 
the chord (diameter), as shown in the second drawing of the 
figure. For angles smaller than 60° the chord extension 
should be decreased. At 30° the extension is approximately 
three eighths of the chord length. Using a chord extension 
of one half, subtended angles between 30° and 60° may 
safely be chosen. 

The advantage of the rectification construction given in 
the preceding paragraph over the straight-chord method of 
determining the length of a given circle lies only in the fact 
that a longer arc distance may be chosen as the unit length 
with which to obtain the total length of arc, thus eliminat- 
ing the accumulated error of many short measurements. 
For ordinary purposes the chord method is sufficiently 
accurate. The rectification method may be applied to arcs 
that are not parts of circles, with a resulting degree of accu- 
racy depending upon the chord distances selected. 

Construction Two. Given the oblique cylinder B with 
both bases plane, but not right sections of the cylinder, 
Fig. 149. Project the cylinder upon plane 3, which is set up 
parallel to the elements of the cylinder. This is done by first 
projecting either numbered base upon the plane, then draw- 
ing the elements through the projected base points parallel 
to the projected axis of the cylinder, and finally projecting 
the second base points upon the corresponding elements. 
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Project the cylinder upon plane 4, which is set up perpendic- 
ular to the elements of the cylinder. This is done by using 
one of the numbered bases. The latter auxiliary projection 
coincides with the plane-4 projection of any and all right 
sections of the cylinder. Pass the right-section plane S 





Fic. 149. Development of oblique cylinder 


through the cylinder in the plane-3 view only. This is the 
plane in which the “stretch-out” line is to be taken and 
from which measurements along the elements may be made 
to each base. Develop the cylinder from this point on in the 
Same way as was the cylinder of Fig. 147. The several 
lengths, 1-2, 2-3, etc., on the chosen “stretch-out” line are 
taken directly from the plane-4 view as chords of subtended 
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ares. In very accurate work each chord should be rectified 
by the method of Fig. 148. Since the cylinder is symmetri- 
cal about a plane passed through elements 1 and 7, only a 
one-half pattern is required. 

Construction Three. The triangulation method employed 
in developing the frustum of the oblique cone of Fig. 146 
may be used equally well with the oblique cylinder. The 








Fic. 150. Development of oblique cylinder (triangulation method) 


procedure is illustrated in Fig. 150. Reference should be 
made to Construction Two of Article 106 for an explanation 
of the details of construction. This method is not recom- 
mended for general use because of the impossibility of ob- 
taining as accurate patterns in this way as by other methods. 


108. Approximately developable surfaces 

Many transition pieces used in engineering and industrial 
design cannot, in the strict geometrical sense, be developed. 
They may, however, so closely approximate one or another 
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Fig. 151. Approximately developable surface 


of the developable surfaces that a pattern can be made by the 
triangulation method employed with the cone and cylinder 
in Figs. 146 and 150, or by some other approximate method 


Fig. 152. Approximately developable 
surface 


of development that will in- 
sure the form or shape being 
pressed or rolled from sheet 
metal with the minimum 
stretching and crimping. 
The transition piece shown 
in Fig. 151 joins an elliptical 
to a cireular opening, with 
the connections in parallel 
planes. The simplest way 
to generate this surface is 
by moving a straight line 
along the two bases, begin- 
ning at the element of sym- 
metry AA, in such a way 


that the rates of motion of the points of contact along the 
two bases are proportional, at any instant, to the respec- 
tive radii of curvature. This transition piece is a warped 
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surface. Its approximate development is obtained by draw- 
ing several elements, AA, BB, etc., and the corresponding 
chords on the bases to form a series of warped quadrilater- 
als which closely approximate the generated surface. The 
diagonals AB, BC, etc., are then drawn between the ele- 
ments, to form a series of plane triangles. These triangular 
segments are laid out in the proper sequence to form the 
complete development of the surface. The constructions 
are shown for the first two quadrilaterals only. 

The reducing section of Fig. 152 is treated in a similar 
manner. Its two bases are circles of different radii, and 
they do not lie in parallel planes. The surface is a warped 
surface not greatly different from an oblique cone (see 
Fig. 110). Several elements are shown, together with the 
diagonals, which reduce the entire piece to triangular seg- 
ments which may be developed as were those of Fig. 151. 


CHAPTER VI 
THE RIGHT CIRCULAR CONE AS A CONSTRUCTION AID 


109. The 0, , and II cones 

When a right circular cone, as defined in Article 87, is 
turned so that its axis is perpendicular to the H plane, it is 
called a @ cone and its base angle is marked ©. When its 
axis is turned perpendicular to the V or P plane, it is called 
a ® or II cone, and its base angle is marked © or II accord- 
ingly. If a point O, chosen anywhere in space, is made the 
apex of one of these cones, say a © cone, for example, then 
the successive elements of the cone, or what amounts to the 
same thing, the cone itself, becomes the locus of a line in 
space which passes through the point O and makes an angle 
with the horizontal plane equal to the base angle, 0, of the 
cone. In like manner, a® cone, with its apex at any chosen 
point in space, is the locus of a line passing through the point | 
and making an angle with the vertical plane equal to the 
base angle, ®, of the cone. Similarly, a II cone is the locus 
of a line through a point making a specified angle, II, with 
the profile plane. Hence the 0, ®, and II cones may be used — 
to draw lines in space making given angles with the coordi- 
nate planes and, at the same time, satisfying other possible 
conditions which may be set up concerning the lines. 

Any plane tangent to a © cone will make an angle 0 with 
the H plane equal to the base angle of the cone. If tangent 
to a ® or II cone, the plane will make the angle & or II with 
the V or P plane. Therefore the 0, &, and II cones can be 
used as construction cones for passing planes through a point 
and making given angles with the codrdinate planes. Each 
plane so passed will contain a line tangent to the base circle of 


the construction cone in addition to an element of the cone. 
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110. To find a second projection of a line when one point 
on the line, one projection of the line, and any one 
of the angles 0, $, or II are given 

Analysis. With the given point as an apex, draw a 0, ®, 
or II cone, according to the angle specified in the problem, 
with its base angle equal to the given angle and its altitude 
of any length. The required line is an element of the cone 
and may be determined directly. 

Construction. Given the point O, 
the vertical projection o’a’, and the 
angle @=465°, of the required line 
OA, Fig. 158. 

With O as the apex, construct the 
© cone with its axis, OC, perpen- 
dicular to the horizontal plane and 
its base angle equal to 45°. The 
vertical projection of the cone is 
the isosceles triangle o’e’f’. Its hori- 
zontal projection is the circlewhose yy 153 A © construc. 
center is o with diameter equal to e’f’. tion cone 
The line OA, being an element of the 
cone, intersects the base at some point B, the vertical pro- 
jection of which is found by extending o’a’ until it intersects 
the vertical projection of the base at 6’. The H projection 
of the point B is on the circle directly above b’ at 6 or b,, 
there being two solutions to the problem under the given 
conditions. The H projection of OB being determined, the 
point a or a, is located upon it in the usual manner. 

Discussion. It should be observed from the figure that 
it would have been impossible to find a solution for the 
problem had o0’a’ fallen outside the isosceles triangle o’e’f’. 
Also, had the H projection of OA been given in the problem 
data instead of the V projection, the horizontal projection, 
b, of the point B would have been determined first, as the in- 
tersection of the horizontal projection of the base of the cone 
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(a circle) and the horizontal projection of the line. Further, 
it should be remembered, in any case, that the construc- 
tion cone must correspond in name to that of the angle 
given in the problem specifications. Adherence to this rule 
will materially aid in determining the projections of the 
cone to be drawn. The student should obtain the solutions 
for all possible cases in which the angles ® and II may be 
given and which require, therefore, that @ and II cones be 
drawn in the constructions. 


111. To draw a line through a given point, making two 
specified angles, 0, ¢, or II with any two corre- 
sponding coordinate planes 


Analysis. If the given point is made the apex of two right 
circular construction cones (0, ®, or II cones according to 
the angles specified in the problem data) with their base 
angles corresponding to the given 
angles, either of the two common 
elements of the cones will be the 
required line. 

Construction. Given the point O 
and the angles © = 30° and ® = 45°, 
Fig. 154. With the point O as the 
apex, construct a © cone with its 
base angle equal to 30° and its ele- 
ments of any chosen length. With 
the same apex O, construct a ® 
cone with its base angle equal to 45° 
and its elements equal in length to 
those of the © cone. These construc- 
tions put the apex of each cone at the 
center of a sphere and the base circle 
of each cone on the surface of the sphere, the radius of the 
sphere being equal to the chosen length of elements of the 
two cones, as shown in the figure. The sphere thus becomes 





Fig. 154. The 6 and @ 
construction cones 
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a locus surface for the bases of the two cones, which makes 
it possible to locate two points that are common to the two 
cones, in addition to the point O at the center of the sphere. 
These points are A and B, at the intersection of the bases of 
the cones. The lines OA and OB, being elements common 
to the two cones, that is, being the lines of intersection of the 
cones, make the required angles with the H and V planes. 

Similar constructions are necessary when © and II or ® 
and II are given. 

Discussion. If the sum of the two specified angles is 90°, 
the two construction cones will be tangent and there will be 
only one solution ; if the sum of the two angles is more than 
90°, there is no solution. 


112. To draw a line in a given plane and making a given an- 
gle 0, &, or II with the corresponding coordinate plane 


Analysis. If any point O is chosen in the given plane and 
made the apex of a 0, ®, or II cone, according to the angle 
specified in a particular problem, either of the lines cut from 
the cone by the plane — one line when the plane is tangent 
to the cone — will be the required line. 

Construction One. Given the plane S and the angle 
© = 45° of a line required to be drawn in the plane S, in the 
first drawing of Fig. 155. Assume any point O in the plane 
S and construct a © cone with its apex at O, its base angle 
equal to 45°, and its base resting in the H plane. The H 
plane contains all the points that are on the base of the cone. 
The H trace of the plane S contains all the points in the H 
plane that are also in the plane S. Therefore, the points A 
and B, coinciding with their own H projections, at the inter- 
section of Ss with the base circle, are points common to the 
plane and cone. The lines OA and OB lie wholly in the 
plane S, and make an angle of 45° with the H plane, since 
both are elements of the © cone. Either may be taken as 
the required line. 
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Construction Two. Given the plane T and the angle 
© = 45° of a line required to be drawn in the plane T, in the 
second drawing of Fig. 155. Assume the point O in the 
plane T and construct a © cone with its apex at O, its base 
angle equal to 45°, and its elements of any length. Pass the 
plane R through the base of the cone. The plane T inter- 
sects the plane R in the line V,D, which is the locus of all 
points that are common to the two planes. The line V,D 
intersects the base circle of the cone in the points E and F, 





Fic. 155. Specified line in a plane (cone method) 


two points that are common to the plane T and the cone. 
The lines OE and OF lie wholly in the plane T and make an 
angle of 45° with the H plane, since both are elements of the 
@ cone. Either may be taken as the required line. 

Discussion. If the angle ® or II is given, then a ® or II 
cone must be drawn with its apex in the given plane, and 
the construction procedure must be carried out in a manner 
similar to that of Construction One or Two. 


113. To find the angles @, @, and II of a given plane 
Analysis. If any point in the given plane is successively 

made the apex of a 0, , and II cone, and if the base circle 

of each cone is drawn in a coordinate plane and made of 
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such a size that it is tangent to the corresponding trace of 
the given plane, then the constructed cones will be tangent 
to the given plane and their respective base angles will be 
the measures of the required angles. 

Construction One. Given the plane S in the first draw- 
ing of Fig. 156. Assume the point O in the given plane as 
the apex of a © cone with its base resting in the H plane. 
The H projection of the base of the cone is the circle abd 
with its center at o and tangent to Ss at d. The V projection 





Fic. 156. Angle of a plane (cone method) 


of the base of the cone is a’b’ in the horizontal ground line. 
The vertical projection of the constructed cone is 0’a’b’. The 
cone is tangent to the plane along the element OD. The base 
angle © of the cone is the angle the plane S makes with the 
H plane; it is, therefore, one of the required angles. Similar 
constructions, using & and II cones, will determine the other 
required angles, & and II respectively. 

Construction Two. Given the plane T in the second 
drawing of Fig. 156. Assume the point O in the given plane 
as the apex of a © cone whose elements are of any length and 
whose base is drawn in a plane R parallel to the H plane. 
Find the line of intersection, V:G, of the planes R and T. 
Construct the base circle of the cone tangent to the line 
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V,G. In horizontal projection, the base circle is tangent to 
v,g and has its center at 0; in vertical projection the circle 
appears as e’f’ in the trace r’r’. The vertical projection of 
the constructed cone is o’e’f’.. The cone is tangent to the 
plane T along the element OG. The base angle © is the 
angle the plane T makes with the horizontal plane; it is, 
therefore, one of the required angles. Similar constructions, 
using @ and II cones, will determine the other required 
angles, ® and II respectively. 


114. To find a second trace of a required plane when one 
trace and one of the angles 0, 9, or II of the plane 
are given 


Analysis. If a 0, ®, or II cone, corresponding to the angle 
specified in a given problem, is constructed with its base 
resting in that codrdinate plane to which its axis must be 
perpendicular by definition, and with its apex in that codr- 
dinate plane on which a trace of the required plane is either 
given or to be drawn, then a plane, having one of its traces 
passing through the apex of the cone and another trace 
tangent to the circular projection of the base circle, may be 
passed which will be parallel to the required plane and the 
direction of the second required trace thus determined. If 
the apex of the constructed cone is placed in the given trace, 
or the circular projection of the base is made tangent to the 
given trace, depending upon the problem specifications, 
the work of construction may be shortened materially and 
the solution made directly without obtaining a direction 
plane to which the required plane is parallel. 

Construction One. Given the vertical trace Ss’ and © 
equal to any specified angle, in the first drawing of Fig. 157. 
Assume 0’ as the vertical projection of any point O in the 
trace Ss’ with the H projection of O in the ground line, and 
construct a © cone with O as its apex, its base angle equal to 
the specified value of @, and its base resting in the H plane. 
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The isosceles triangle 0’a’b’ is the vertical projection of the 
cone. The circle whose center is 0 is the H projection of the 
base of the cone and coincides with the base itself. Draw 
the required trace, Ss, tangent to the H projection of the 
base circle at ¢, in either of the two possible directions. 
The plane S is tangent to the cone along the element OC. 





Fic. 157. Traces of specified planes (cone method) 


It is evident from the drawing that © cannot be smaller 
than the angle which the vertical trace makes with the 
horizontal ground line. If © is equal to this angle, there 
is only one solution. 

Construction Two. Given the vertical trace Tt’ and ® 
equal to any specified angle, in the second drawing of 
Fig. 157. Assume o’ in the horizontal ground line as the verti- 
cal projection of any point O in the required H trace of the 
plane T and construct a ® cone with O as the apex, its base 
angle equal to the specified value of ®, and its base resting 
in the V plane. The circle whose center is 0’ and which is 
described tangent to the trace Tt’, is the V projection of the 
base of the cone and coincides with the base itself. The 
isosceles triangle oef, with its base angle equal to the speci- 
fied value of ®, is the H projection of the cone. The vertex o 
of this triangle is the horizontal projection of the apex of 
the ® cone and coincides with the apex itself. Draw the 
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required trace Tt through the points T and o. The plane T 
is tangent to the cone along the element OD. 

It is evident from the drawing that the base angle of 
the construction cone cannot be greater than 90°, hence 
when ®& is more than 90° the supplementary angle must be 
used, and further that the cone can be drawn with its apex 
behind the vertical plane, thus permitting two solutions. 

The solutions of this problem when other combinations 
of traces and angles are given are similar to those of Con- 
structions One and Two. 

Discussion. Right circular cones employed in the manner 
of this article are called construction or locus cones for 
determining oblique planes. Their special location in the 
above constructions makes it possible to secure solutions 
with the minimum effort. The apex, as well as the base, 
could have been selected out of the codrdinate planes and 
the constructions carried out in the manner of those of the 
second drawings of Figs. 155 and 156. The right circular 
cone may be used as a construction cone under very general 
conditions ; for example, in the passing of a plane through a 
point and making a specified angle with an oblique plane. 


115. To pass a plane through a given point, making a given . 
angle 0, %, or II with the H, V, or P plane respectively 


Analysis. Any number of planes may be passed satisfy- 
ing the given conditions. If the given point is made the 
apex of a 0, ®, or II cone, depending upon the given angle, 
any plane tangent to the cone will be the required plane. 

Construction One. Given the point O and © equal to any 
specified angle, in the first drawing of Fig. 158. With the 
point O as an apex, construct a © cone with its base angle 
equal to the given angle © and its base resting in the H 
plane. The vertical projection of the cone is the isosceles 
triangle o’a’b’; the H projection is the circle whose center is 
o and whose diameter is equal to a’b’.. Draw the H trace, Ss, 
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of the required plane tangent to the circle at any point c. 
The plane S must be tangent to the cone along the element 
OC; therefore the V trace of the plane S must pass through 
the V piercing point of the line OC. Draw Ss’ through the 
points Sand v’. Plane Sis one of many planes satisfying the 
given conditions. 

Construction Two. Given the point O and © equal to 
any specified angle, in the second drawing of Fig. 158. With 
O as an apex, construct a © cone with its base angle equal to 





Fic. 158. Specified planes determined (cone method) 


the given angle © and its base resting in the H plane. Draw 
the H trace, Tt, of the required plane tangent to the circular 
projection of the base at any point. Since the required plane 
must contain the apex of the cone, it must contain an H- 
or a V-parallel drawn through the point O, in this case the 
line OV. Draw Tt’ through the points T and v’. Plane T 
is one of many planes satisfying the given conditions. 


116. To pass a plane through a given point, making two 
specified angles, 0, %, or II, with any two corre- 
sponding coordinate planes 

Analysis. If a plane is passed perpendicular to a line that 
makes a given angle with a codrdinate plane, the plane will 
make the complementary angle with the coordinate plane. 
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Hence, if a line is drawn through any chosen point in space 
making angles with the coérdinate planes that are comple- 
ments of the given angles, 
then a plane passed through 
the given point perpendic- 
ular to this line will be the 
required plane. 
Construction. Given the 
point A, the angle © = 45°, 
and the angle @=60°, 
Fig. 159. Assume a point O 
in any convenient position 
; ; in space and draw the lines 
Fic. 159. A aoa ane determined OBRsand?OCuco tt hatmonor 
both equals 90° — 45° = 45° 
and & equals 90° — 60° = 30°, by the Construction of Arti- 
cle 111. Plane S, passed through the point A perpendicular 
to either OB or OC by the Construction of Article 50, is 
the required plane. 








117. To pass a plane through a given line and making a 
given angle 0, @, or II with the H, V, or P plane 
respectively 


Analysis. If any point in the line is made the apex ofa 0,®, 
or II cone, depending upon the angle given, the plane passed 
through the given line and tangent to the construction cone 
is the required plane. The given line may not make an 
angle with the coordinate plane to which the axis of the cone 
must be drawn perpendicular greater than the given angle. 

Construction. Given the line AB and the angle 0 = 60°, 
Fig. 160. Select any point, such as B, on the given line 
and construct a © cone with its apex at B, its base angle 
equal to 60°, and its base resting in the H plane. Draw 
the H trace, Ss, of the required plane through h tangent 
to the circular projection of the base of the cone at either 


THE CONSTRUCTION CONE 207 


of the two possible points. Draw 
Ss’ through the points S and 2’. 
Plane S is the required plane. It 
is tangent to the cone along the 
element BC. 

If theangle ® or II is given,a® 
or II cone should be drawn and the 
corresponding piercing point of 
the line used in drawing the first 
trace of the plane. 

Discussion. If the circular pro- 
jection of the base of the cone 
passes through h, there is only one 
solution. If h falls within the base Fic. 160. A specified plane 
circle, there is no solution. Bete ined (co pee 0d) 





118. Planes tangent to surfaces 


In Articles 114, 115, and 117 (Figs. 157, 158, and 160), 
oblique planes were passed tangent to right circular cones 
whose axes were perpendicular to one of the coordi- 
nate planes. Inspection discloses the fact that, in each 
instance, the tangent plane contains two intersecting lines 
that were, or could have been, used in the construction, 
one being an element of the cone, the other being tangent 
to the base of the cone and lying in a coodrdinate plane. 
This latter line was not shown in the constructions, since 
it coincided with the trace of the required plane. In pass- 
ing a plane tangent to a ruled surface, in any position in 
space, it is generally possible to fix the location and tilt of 
the plane by means of two similar straight lines, one drawn 
on the surface as an element, the other drawn tangent to 
the surface at some point on the first line. 

A plane is tangent to a surface of revolution at a point on 
the surface when it contains two lines that are drawn tan- 
gent to two curves on the surface passing through the point. 
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In passing a plane tangent to any surface of revolution 
through a given point or line, it is often advantageous to 
employ the right circular cone as a construction device, 
because of the ease with which one or both of the two neces- 
sary tangent construction lines can be drawn with its aid. 

In the following articles the application of these two 
general schemes of attack will be exemplified. 


119. To pass a plane tangent to a given cone or cylinder 
through some point on the surface of either 


Analysis. A plane tangent to a cone or cylinder at a given 
point on the surface contains the element drawn through 
the given point. It also contains a line drawn tangent to 
the base curve at the 
point of intersection 
of this curve and the 
located element. 

Construction. Given 
the cone A and the - 
point O on it, Fig. 161. 
Draw the element AC 
of the cone through 
the point O. Draw - 
the line VH tangent 
to the base at the 
point C (see Article 
82). Pass the required 
plane S through the 
lines AC and VH. 

The construction 
ae for a cylinder is sim- 


Fic. 161. Plane tangent to cone through ilar to that for the 
point on cone 





cone. 
Discussion. The plane of the base of the cone of Fig. 161 
is a V projecting plane. When the plane of the base is 
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oblique to all of the codrdinate planes it is good practice 
to determine this plane and to revolve it into a codrdinate 
plane, taking the base curve with it, in order to draw the 
tangent line, and then to return the constructed tangent to 
the usual projections. This procedure may be shortened 
somewhat without serious inaccuracy in the final results by 
omitting the revolution step altogether and drawing the 
projections of the tangent line respectively tangent to the 
projections of the base curve, taking care, nevertheless, to 
see that the line lies in the plane of the base, as evidenced 
by its piercing points being in the corresponding traces of 
this plane. 


120. To pass a plane tangent to a given cone or cylinder 
through a given point outside the surface 


Analysis. A plane tangent to a cone or cylinder will con- 
tain the apex of the surface and hence the line joining the 
given point to the apex. The required plane will also con- 
tain the line drawn tangent to the base curve through the 
point in which the first line pierces the plane of the base. 
The required plane will also contain an element of the sur- 
face drawn through the point of tangency of the second line 
with the base. ‘ 

Construction. Given the oblique elliptical cone A and 
the point O in the first drawing of Fig. 162. Connect the 
apex A of the cone to the point O. The line AO pierces 
the plane of the base at the point P. This point is obtained 
without construction, since the plane of the base is a V pro- 
jecting plane (see Article 52). Draw the line PB tangent 
to the base curve at the point B. This is done by drawing 
pb tangent to the circular projection of the base at either of 
the two possible points, and making p’b’ coincide with the 
V trace of the projecting plane of the base. Plane S, passed 
through the intersecting lines AP and PB, is the required 
plane. 
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In the second drawing of the figure, the line drawn through 
the given point O is parallel to the elements of the cylinder, 
since the apex in this case is at infinity on the axis of the 
cylinder. Otherwise, the constructions are the same in the 
two figures. 

Discussion. When the plane of the base of the given cone 
or cylinder is oblique to all the codrdinate planes, ites 








Fic. 162. Plane tangent to cone or cylinder through external point 


necessary to determine this plane and to find the point P by 
the general method of Article 52. It should be noted in both 
of the drawings of the figure that an element drawn through 
the point of tangency on the base may be substituted in the 
final step of the constructions for either of the two lines that 
were used in determining the required plane. 


121. To pass a plane tangent to a given cone and parallel 
to a given line 
Analysis. A plane, to be parallel to a given line, must 
contain at least one line that is parallel to the given line; 
to be tangent to a cone it must contain the apex of the cone. 
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Hence the required plane will contain a line drawn through 
the apex of the cone parallel to the given line. The plane 
will also contain a line drawn tangent to the base curve 
through the point in which the first line pierces the plane 
of the base. 

Construction. Given the oblique elliptical cone A and 
the line MN, Fig. 163. Through the apex A of the cone 
draw the line AH parallel to 
MN. It pierces the plane of 
the base at the point P. 
Through the point P draw 
the line PB tangent to the 
base curve at the point B. 
Plane S, containing the lines 
AP and PB, is the required 
plane. 

Discussion. The element 
AB may be substituted for 
either AP or PB in the final 
step of determining the traces 
of the tangent plane. If the Fic. 163. Plane tangent to cone 

and parallel to line 
plane of the base of the cone 
is inclined to all the codrdinate planes, the point P, in which 
the line drawn through the apex pierces the plane of the 
base, must be obtained by the general method of Article 52. 


2 





122. To pass a plane tangent to a given cylinder and parallel 
to a given line 


Analysis. Since a plane tangent to a cylinder contains 
one element of the cylinder and is parallel to all the others, 
the inclination of the required plane can be determined by 
passing a plane through the given line and a second line 
drawn parallel to the elements of the cylinder and through 
some point on the given line. This directing plane and the 
required parallel tangent plane are intersected by the plane 
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of a base of the cylinder in two parallel lines, one of which 
is tangent to the base curve. The plane containing this tan- 
gent to the base curve and passed parallel to the direction 
plane is the required plane. 

Construction. Given the oblique elliptical cylinder A and 
the line MN, Fig. 164. From any point O on the line MN 
draw the line OV parallel to the elements of the cylinder, 





Fic. 164. Plane tangent to cylinder and parallel to line 


and pass the plane R through the two intersecting lines MN 
and OV. Pass the plane S through the base of the cylinder. 
Its intersection with the plane R is the line V.H.2. Draw the 
line HC parallel to the line V.H. and tangent to the base 
curve at the point B. Plane T, passed parallel to plane *R 
and containing the line H;C, is the required plane. - 

Plane T can be determined, also, by using the line HC 
and the element intersecting it at the point B. Two solu- 
tions are possible, the second being obtained by drawing 
the tangent H;C on the opposite side of the base. The 
directing plane R could have been passed through the axis 
AD of the cylinder and parallel to the line MN. 
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123. To pass a plane tangent to a given cone and making a 
given angle with the H, V, or P plane 


Analysis. The required plane must contain the apex of 
the given cone. If the apex of the given cone is also made 





Fic. 165. Plane tangent to cone ahd with stated inclination 


the apex of a 0, ®, or II cone, depending upon the angle 
given, then the plane passed tangent to the two cones will 
be the required plane. 

Construction. Given the oblique elliptical cone A and the 
angle the required tangent plane is to make with the H 
plane equal to 70°, Fig. 165. Extend the cone A until it in- 
tersects the H plane, and determine the new base by finding 
the piercing points of a number of elements in the plane 
(see Fig. 131). With the point A as an apex, draw a © cone 
with its base resting in the H plane and its base angle equal 
to 70°. Any plane tangent to these two cones must have its 
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H trace drawn tangent to the H projection of the two bases 
now in the H plane. Draw Rr tangent to the elliptical and 
circular base projections as shown. Since the plane R must 
contain the point A, it will contain a certain group or “disk”’ 
of lines drawn through this point parallel to or intersect- 
ing the H trace, Rr, of the required plane. Draw av, the 
H projection of the H-parallel AV, parallel to Rr. Draw 
a’v’ parallel to the horizontal ground line. The line AV 
pierces the vertical plane at the point V, which is in the 
vertical trace of the plane R. Draw Rr’ through the points 
vy’ and R. Plane R is the required plane. 

There are four possible locations for the H trace of the 
plane R in the above construction ; hence there are four pos- 
sible solutions. Fewer solutions are possible when the bases 
intersect or are tangent to each other. 

Similar constructions will determine the required plane 
when the angles ® or II are given, but a ® or II cone must 
be used and the cone must be extended until a new base is 
found in the V or P plane. 


124. To pass a plane tangent to a given cylinder and making 
a given angle with the H, V, or P plane 


Analysis. The required plane will be tangent to the given . 
cylinder along an element of the cylinder and it will be 
parallel to a directing plane that has been set up making the 
specified angle with the proper codrdinate plane and con- 
taining a line parallel to the elements of the given cylinder. 

Construction. Given the oblique elliptical cylinder A and 
the angle the required tangent plane is to make with the 
H plane equal to 60°, Fig. 166. At any convenient place 
draw the line BC parallel to the elements of the cylinder. 
Construct a © cone with its apex at some chosen point, such 
as C, on the line BC, its base angle equal to 60°, and its base 
resting in the H plane. The plane S, containing the line BC 
and tangent to the © cone (see Article 117) is the-required 
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directing plane. Draw the H trace, rr, of the required plane 
parallel to the trace Ss of the directing plane and tangent 
to the base curve of the cylinder at d. The required plane 
must be tangent to the cylinder along the element DE. 
Draw r’r’ parallel to Ss’ and through »,’, the V piercing 
point of the line DE. Plane R is the required tangent plane. 





ae 


Fic. 166. Plane tangent to cylinder and with stated inclination 


The H trace, Ss, of the directing plane could have been 
drawn in either of two possible positions, as could have the 
H trace, rr, of the required plane, thus making four possible 
solutions, as may be seen from the foregoing constructions. 
However, if the line BC should coincide with an element 
of the construction cone, there are only two solutions. If 
the line BC should fall within the construction cone, there is 
no solution. If the base of the cylinder is not given in a 
coordinate plane, the cylinder must be extended and a new 
base found in the manner shown in Fig. 131 for the cone. 
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Similar constructions will determine the required plane 
when the angle ® or II is given, but the cylinder must be 
extended until its base is in the V or P plane and a @ or II 
cone must be used. 


125. To pass a plane tangent to a given surface of revolution 
at a given point on the surface 

Analysis. A plane tangent to a surface of revolution 

at a given point on the surface contains all the lines that 





Fic. 167. Plane tangent to ellipsoid of revolution through point on surface 


can be drawn through the point tangent to the surface. 
Two of these lines may readily be obtained ; namely, one 
tangent to the curve cut from the surface by a plane passed 
through the point perpendicular to the axis of revolution, 
the other tangent to the curve cut from the surface by a 
plane passed through the point and containing the axis 
of revolution. 
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Construction One. Given the half prolate ellipsoid of revo- 
lution and the point O on its upper front portion, Fig. 167. 
Pass the plane R through the point O perpendicular to AB, 
the axis of revolution of the ellipsoid. It cuts the circle 
OEF from the ellipsoid. Draw the line OV tangent to this 
circle at the point O; ov is then tangent to the horizontal 
projection of the circle at 0, and 0’v’ lies in the V trace, r’r’, 
of the cutting plane. Pass 
the plane S through the 
axis AB and the point O 
to cut a meridian ellipse 
from the ellipsoid. A line 
tangent to this meridian 
ellipse at the point Oisan 
element of aright circular 
construction cone that is 
tangent to the ellipsoid 
on the circle OEF and 
has its apex in the axis of 
the ellipsoid. The outside i 
elements, EC and FC, of /. 
the tangent cone Aare lo- Fic. 168. Plane tangent to sphere through 
cated by first drawing point oh aurtace 
their vertical projections, 

e’c’ and f’c’, tangent to the principal meridian ellipse at the 
points e’ and f’. Their horizontal projections are ec and fe. 
Draw the element CO of the construction cone as the second 
determining tangent line of the required plane. Pass the re- 
quired plane T through the two intersecting lines OV and 
CO, each of which is tangent to the ellipsoid at the point O. 

Construction Two. Given the sphere whose center is C and 
the point O on its upper front portion, Fig. 168. Since the 
two tangent lines through the point O that determine the 
required plane are, in this case, both perpendicular to 
the radius of the sphere through O, the required plane must 
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be perpendicular to the radius and can be located by the 
construction of Article 50. Draw the radius CO of the sphere. 
Pass the plane R through the point O and perpendicular 
to CO. Plane R is the required plane. 


126. To pass a plane tangent to a sphere through an external 
point 

Analysis. An infinite number of planes may be passed 
tangent to a sphere through an external point. Any plane 
satisfying the given conditions will be perpendicular to a 
radius of the sphere at the point of tangency and will also 
be tangent to a right circular construction cone that is 
drawn tangent to the sphere with its apex at the given point, 
and with the circle of tangency as the base. 

Construction. Given the sphere whose center is C and the 
external point O, Fig. 169. Join the point O to the point C 
by the straight line OC. This line is the axis of a right 
circular construction cone tangent to the sphere. The re- 
quired plane must be tangent to this cone; that is, contain 
an element of it. Set up the auxiliary codrdinate plane 3 
parallel to the axis OC by drawing 0-3 parallel to oc, and 
project both the sphere and the line OC upon it, as shown in 
the figure. The construction cone will appear on this plane 
as the isosceles triangle 030363. Set up the auxiliary plane 4 
perpendicular to OC by drawing 3-4 perpendicular to 0;¢; 
and project the base of the construction cone upon it as the 
circle whose center is m; and whose diameter is equal to 
a3b;. Select n, at any point on this circle as the plane-4 pro- 
jection of a point N on the base of the cone, and return this 
point to H and V projections in the usual way. Draw the 
element ON of the cone and the radius CN of the sphere. 
Pass the plane S through the line ON and perpendicular to 
CN, by Article 50. Plane S is the required plane. 

By choosing other points than N on the base of the con- 
struction cone, any number of planes may be drawn satis- 
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fying the given requirements. It should be noted that two 
H and two V projecting planes may be passed tangent to 
the sphere through the point O without the aid of a con- 
struction cone, as exemplified by the H projecting plane Tin 





Fic. 169. Plane tangent to sphere through external point 


the figure; also that, if the point A or B had been chosen 
on the base of the cone in the plane-8 view as the point 
of tangency, the plane-4 view need not have been drawn. 


127. To pass a plane tangent to any doubly-curved surface 
of revolution through an external point 
Analysis. An infinite number of planes may be passed 
through an external point tangent to a doubly-curved surface 
of revolution. These planes will be tangent to a cone which 
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has its apex at the given point and which is drawn tangent 
to the given surface. The cone may be circular, elliptical, 
right, oblique, or otherwise, depending upon the shape of 
the surface and the location of the point. No simple and 
direct method may be stated for locating this construction 
cone. Points on its base may be found by setting up aux- 
iliary codrdinate planes parallel to the axis of revolution, 
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Fic. 170. Plane tangent to torus through external point 


projecting the surface and point on each plane, passing two 
projecting planes through the point tangent to the surface 
in each new view, and returning each point of tangency thus 
found to H and V projections. Any plane-8 projecting plane 
so passed constitutes one solution of the given problem. 
Such a plane may be returned to H and V representations 
by a simple construction device, thus eliminating the need 
of finding the projections of the construction cone. If the 
required plane is restricted to one having a certain incli- 
nation to a coordinate plane, the cone must be obtained. 
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Construction One. Given the annular torus whose axis 
of revolution is AB, and the external point O, Fig. 170. Set 
up an auxiliary codrdinate plane 8 parallel to the axis AB 
and project the torus and point upon it. The plane-3 view 
of the torus will be the same shape as the meridian section 
obtained by passing a plane R through the axis of the torus 
and parallel to plane 8. Draw s3s3 through 0; tangent to the 
plane-8 projection of the torus at c;. Plane S is perpen- 
dicular to plane 8; in other words, it is a plane-3 projecting 
plane. Therefore, s’s’ must be perpendicular to the ground 
line 1-3. The horizontal trace of the plane S is found by the 
usual return constructions. Plane S is one of the infinite 
number of planes that will satisfy the given requirements. 
By choosing other auxiliary codrdinate planes parallel to 
AB, additional oblique planes satisfying the given condi- 
tions may be obtained. 

It should be noted that two H and two V projecting 
planes may be passed externally tangent to the torus di- 
rectly without the aid of any auxiliary planes. Further, 
when the point O is so located that a plane passed through it 
perpendicular to the axis of revolution cuts the given sur- 
face, as is the case in Fig. 170, the right-circular-cone method 
may be used, as in Construction Two, to obtain two of the 
possible solutions. 

Construction Two. Given the oblate ellipsoid of revolu- 
tion whose axis is AB, and the external point O, Fig. 171. 
Pass the plane R through the point O perpendicular to the 
axis AB. Plane R cuts a circle from the ellipsoid whose 
H projection is cd, whose V projection is the circle with 
center at f’, and whose diameter is equal to cd. Draw the line 
OE tangent to this circle, and hence tangent to the ellipsoid 
at E. The line OE is one line in the required plane. Con- 
struct the right circular cone F tangent to the ellipsoid 
along the circle CED. The element FE of this cone is also 
a line in the required plane (see Article 125). The plane S, 
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containing the lines OE and FE, is the required plane. A 
second plane can be obtained in this construction by draw- 
ing OE tangent to 
the ellipsoid on the 
upper sector of the 
circle. 

Discussion. If 
the given external 
point should be in 
the axis of the sur- 
face of revolution, 
all the planes sat- 
isfying the given 
conditions will be 
tangent to a right 
circular construc- 
tion cone whose 
apex is at the given 
point and whose 
elements are tan- 


gent to the sur- 
Fic. 171. Plane tangent to ellipsoid of revolution face of revolution. 
through external point 








The constructions 
will be similar to those of Fig. 171 except that the tangent 
OE may be drawn in any desired direction in the plane R. 


128. To draw a line through a given point making a specified 
angle X with a given oblique plane 


Analysis. If the given point is made the apex of a right 
circular cone whose axis is perpendicular to the given plane 
and whose base angle is equal to the given angle X, any 
element of the cone will satisfy the stated requirements. 

Construction One. Given the point A, the oblique plane 
S, and the angle X = 60°, Fig. 172. Through the point A 
draw the line AC, of any length and perpendicular to the 
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plane §, as the axis of the construction cone; a’e’ is then 
perpendicular to Ss’, and ac is perpendicular to Ss. Set 
up an auxiliary codrdinate plane 3 parallel to the line AC 
by drawing 0-3 parallel to ac, and project AC upon this 
plane at a3cs. The construction cone shows on plane 3 as 
the isosceles triangle a;b;d; with its base angle equal to 60°. 
Set up an auxiliary plane 4 perpendicular to the line AC by 
drawing 3-4 perpendicular to ascs, and project AC upon 
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Fic. 172. Line through point at given angle with plane 


this plane at a.c,. The construction cone shows on plane 4 
as the circle whose center is a,c, and whose diameter is 
equal to b:d;. Any element of the cone, such as AE, may 
be selected in the auxiliary views as the required line and 
returned to H and V projections in the usual way. 
Construction Two. Given the point A, the plane quad- 
rilateral MNOP, and the angle X = 60°, Fig. 173. The 
axis of the construction cone cannot be drawn directly, as 
was done in Construction One, because the given plane is 
not represented by traces. Its direction may be determined, 
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however,-by constructing a line perpendicular to the surface 
MNOP at any point, as follows: Draw the H-parallel, BD, 
from one side of the quadrilateral to another. Through any 
point G on the line BD draw the V-parallel EF across the 
quadrilateral. Draw g’k’ perpendicular to e’f’ and gk per- 
pendicular to bd. The line GK is perpendicular to both the 
line BD and the line EF (see Article 20) and hence is per- 
pendicular to the quadrilateral MNOP. Through the point 






; 


SSSSS SS SKS) 





eof ----------- 
S 

Seo 
ay 

: 


amo 





Fic. 173. Line through point at stated angle with plane 


A draw the line AC parallel to the line GK as the axis of 
the construction cone. Proceed from this point in a manner 
identical to that of Construction One to obtain the projec- 
tions of the line AL, one of the elements of the construc- 
- tion cone, and hence a line satisfying the given conditions. 

Discussion. It should be noted that the elements AB and 
AD of the cone in Fig. 172, and the elements AJ and 
AK of the cone in Fig. 178, could have been chosen from the 
plane-3 views as special solutions, in which case the plane-4 
views need not have been drawn. 
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If it is desired for any purpose to have the base of the 
construction cone contained in the given plane, in either 
figure, the plane must be represented on the auxiliary plane 
3 by a trace, $383, in the first construction, and by a straight-. 
line projection, m3n303)3, In the second construction. The 
base of the triangular view of the cone on plane 3 must 
be made to coincide with this edgewise view of the given 
surface and then returned to H and V projections in the 
usual way. 

The constructions of this article may be used for passing 
a plane through a point and making a specified angle with a 
given plane, since any plane passed tangent to the construc- 
tion cone will satisfy the given requirement when the apex 
of the cone is placed at the given point. Any chosen element 
of the cone and the line drawn tangent to the base projec- 
tion in the auxiliary view at the point where the element 
intersects this projection determine the required plane. 
The required plane can also be obtained by passing it per- 
pendicular to an element of a construction cone that has 
been drawn with a base angle equal to 90° minus the given 
angle (see Article 116). 


CHAPTER VII 
PICTORIAL DRAWING 


129. Pictorial drawings 


Certain modifications in the space relations of the object, 
point of sight, projectors, and planes of projection, as main- 
tained for orthographic projection, will alter materially the 
resultant appearance of the views on the principal codrdi- 
nate planes, giving three distinct types of drawing or pro- 
jection, called Isometric, Oblique, and Perspective. They are 
called pictorial drawings because of the similarity of their 
appearance to photographs and artists’ sketches. They 
differ essentially from orthographic drawings in that only 
one view is required to convey the combined meaning of 
two or three orthographic views. Each is constructed by . 
direct application of the principles of descriptive geometry, 
and although more difficult to construct than the familiar 
views of working drawings, they are all important in engi- 
neering and commercial work because of the ease with which . 
they are read. 


130. Isometric projection: definition 


An isometric projection of an object is a view projected 
orthographically upon any plane, the object being so placed 
with respect to the plane that three of its mutually per- 
pendicular plane faces are equally inclined to the plane. 
Therefore the only modification in the usual orthographic 
relations of object, point of sight, projectors, and plane of 
projection is the turning of the object into a very particular 
position with respect to the plane of projection and the 


restriction to one view. The point of sight, as in ortho- 
226 
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eraphic projection, is considered infinitely remote, and the 
projecting lines are perpendicular to the plane of projection. 
It follows from the definition that the three lines of inter- 
section of the three mutually perpendicular plane faces of 
the object are themselves equally inclined to the plane of 
projection and hence are proportionately foreshortened 
when projected upon it. That is, equal distances, measured 
on these lines or on lines parallel to them, are projected 
equally in the isometric drawing. It is this fact which gives 
the name “‘isometric’’ to this kind of projection, the root 
meaning of the word being ‘‘equal measurements.”’ 


131. Construction methods 


The isometric projection of an object may be obtained in 
one of three ways. The advantages of each method of pro- 
cedure appear in the following explanations of them. 

Oblique-plane method. In Fig. 174 a cube, OABCM, is 
shown in the first quadrant with its faces parallel to the 
three coordinate planes. 
The oblique plane T, 
being equally inclined to 
the H, V, and P planes, 
is equally inclined to all 
the edges of the cube and 
so is properly placed to 
receive the required iso- 
metric projection of the 
cube. The isometric pro- 
jection is found by draw- 
ing lines perpendicular to 
plane T from all the cor- 
ners of the cube, locating 
the point in which each pierces the plane, and then connect- 
ing these piercing points, asshown. Because of the obliquity 
of the plane T with respect to the H, V, and P planes, the 





Fic. 174. Isometric projection by 
oblique-plane method 
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true size and shape of the isometric projection will not be 
seen from any of the usual orthographic view points until the 
plane has been revolved into one of the coordinate planes. 





Fic. 175. Isometric plane revolved 


In Fig. 175 is shown 
the usual orthographic 
representation of the 
same arrangement of 
cube, plane T, and pro- 
jection of the cube upon 
T as was given pictori- 
ally in Fig. 174, together 
with the true shape of 
the isometric as found 
by revolving T into the 
vertical plane. 

Aucxiliary-plane method. 
Since a solid diagonal of 
a cube is equally inclined 
to the three adjacent — 


edges, the plane on which the isometric view is to be pro- 
jected will, by the definition of an isometric projection, 
be perpendicular to this diagonal. In other words, the 


projection of a cube upon 
an auxiliary codrdinate plane 
that has been set up perpen- 
dicular to one diagonal of 
the cube, and upon which 
this diagonal shows as a 
point, is an isometric of the 
cube (see Fig. 176). It will 
be observed that the result- 
ant drawing is like that of 





Fic. 176. Isometric by auxiliary- 
plane method 


Fig. 175, and, further, that the lines that are mutually 
perpendicular on the cube show at angles of 120° to each 


other on the isometric. 
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Special-placement method. The same result as was derived 
in Figs. 174, 175, and 176 may be obtained more directly by 
using one of the coordinate planes (for instance, the H plane 
in Fig. 177) as the plane of projection, and turning the cube 
to the proper position with respect to it; namely, with one 
solid diagonal perpendicular to this plane of projection, 
which is the relation between the object and plane in the 
three preceding figures. The procedure for constructing an 
isometric by this method is reduci- 
ble to rule form, which will appear in 
the constructions of Article 185. This 
method or arrangement is the one gen- 
erally employed in technical or com- 
mercial drafting. Its chief advantage 
is that for most objects the isometric 
can be drawn directly, without first con- 
structing the top, front, or side views. 

The cube has been employed in the 
foregoing discussions because it lends FS. 177. Isometric on 
7 : ‘ A the H plane 
itself easily to isometric representa- 
tion. The three methods may be applied, however, in draw- 
ing an isometric of an object of any shape. It will aid in 
following the principles if a small cube is imagined to be an 
integral part of the object, say one corner, the entire object 
then being treated in conjunction with this cube, as the 
theory of the particular method may require. 





132. The isometric plane 

Any plane so related to an object that three chosen mutu- 
ally perpendicular edges or lines of the object make equal 
angles with the plane, is called an isometric plane. 


133. The isometric axes and isometric directrices 

The three mutually perpendicular adjacent edges, OA, 
OB, and OC, of the cubes of Figs. 174 and 177, meeting at 
the extremity O of the diagonal OM, which is perpendicular 
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to the isometric plane, are called the isometric axes of the 
object. Their projections, oa, ob, and oc, on the isometric 
plane are called the isometric directrices. In constructing 
the isometric projection of any object, three axes must be 
chosen perpendicular to each other and equally inclined to 
the isometric plane. The three directrices are inclined 120° 
to each other. Any lines of the object that are parallel to 
one or another of the axes chosen may themselves be called 
axes, and their projections upon the isometric plane are 
parallel to one or another of the directrices. 


134. The isometric scale 


In Article 130 it was pointed out that the three isometric 
axes, as well as all lines parallel to them, if of equal length, 
are foreshortened equally when pro- 
jected upon the isometric plane. This 
foreshortening is best taken care of 
when measuring lengths on an isomet- 
ric drawing by the use of an isometric © 
scale. The isometric scale is one on 





which the unit of length is equal to 
the projected value of an inch, centi- 


Fic. 178. Isometric § meter, or other standard unit that. 


scale 
has been used 


in measuring along the isometric axes. 
The angle between the isometric axes 
and the isometric plane being about 
35° 16’, the construction of Fig. 178 
may be used in making the isometric 
scale. The difficulty of laying off the 
angle of 35° 16’ with accuracy makes 
this method less desirable than that of Fic. 179. Isometric 
Fig. 179, which is easily constructed. tae 

In practical usage the isometric scale is rarely applied, 
since the result would be merely the uniform reduction of all 





PICTORIAL DRAWING 231 


measurements of the drawing to about eighty-one hun- 
dredths of their true value, without affecting the shape of 
the drawing at all. If the drawing is to be dimensioned, as 
frequently is the case, it is imperative that a standard scale 
be used in order that the drawing may be scaled, if neces- 
sary, by the person reading it. In this connection it is em- 
phasized that measurements on an isometric drawing may 
be made only along or parallel to the isometric directrices. 


135. To construct the isometric of a given object 


Let the given object be that represented by the two ortho- 
graphic views of the first part of Fig. 180. Select any point 
O on the paper and draw the three directrices, OL, OF, and 
OG, inclined 120° to 
each other, to repre- 
sent the three chosen 
axes, OA, OB, and 
OC, of the object. 
On these directrices 
measure from O the 
lengths of the corre- 


sponding edges of the 
obj ect, as OA, OB, Fic. 180. Isometric construction from 
; orthographic views 





and OC, using either 
the isometric or a standard scale. Since all parallel lines 
of the object are projected as parallel lines in the isometric, 
the top face, AOCD, of the object will be represented in the 
isometric by the parallelogram AOCD, as shown in the figure. 
Other edges and faces are found in a similar manner. 

It is often advantageous to think of the three axes as rep- 
resenting the length, breadth, and thickness of the object ; or 
the length, width, and height ; or simply coérdinate distances, 
z, y, and z; and to assign these names to the corresponding 
directrices. This will aid in distinguishing one from another 
and thus prevent measuring along the wrong directrix. 
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Edges of an object not parallel to an axis may be con- 
structed in isometric only by locating two points thereon 
and connecting them. The points chosen are usually the 
extremities of the oblique lines, and these extreme ends are 
found in the isometric by determining their positions in con- 
struction lines drawn parallel to the axes. For example, in 
Fig. 181, the line BD of the object is oblique to the axes. 
The point B is in the construction line AC, as shown in the 
orthographic views, so that, in the isometric, B can be 





Fic. 181. Isometric construction from orthographic views 


located by drawing AC in the usual way and laying off the 
distance a’b’ or c’b’ on AC in the proper direction. The 
point D is in the construction line CG. Its isometric pro- 
jection is located on CG in the same way that B was located. 
Other points on the isometric are located in a similar manner. 

Any object may be projected isometrically, whatever its 
shape. If there are but:three edges mutually perpendicular, 
as OA, OB, and OC, Fig. 182, these should be used as the 
axes, and all the irregular points, as D, E, and F, should be 
constructed by the codrdinate method, as shown. If there 
are but two edges which meet at right angles to each other, 
the construction should be started, as shown in Fig. 183, 
with these edges projected as two directrices, OA and OB, and 
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all other lines or vertices codrdinated from these two axes. 
In general, it will be best to imagine the object inclosed ina 
rectangular parallelepipedon whose edges and faces coincide 
with, or contain, as many faces, edges, or vertices of the ob- 
ject as possible. Then, the isometric of the parallelepipedon 





Fig. 182 Fic. 183 Fig. 184 


having been constructed, the isometric of the object may be 
found by locating its vertices in the isometric of this frame- 
work. This method of construction was used in making 
the isometric of the hexagonal pyramid shown in Fig. 184. 

















Fic. 185. Isometric construction of plane curve 


The isometric of a plane curve is drawn by locating the 
isometrics of enough of its points to determine a smooth 
curve. Thus the isometric of the curved parts of Fig. 185 is 
determined by the points A, B, C, etc., whose coordinates 
are first measured in the profile view in the left portion of 


234 DESCRIPTIVE GEOMETRY 


the figure and then transferred to the isometric. For a space 
curve, or curve of three dimensions, the process is similar, 
except that three codrdinates must be measured for the 
determination of each point, and as many points must 





Fic. 186. Isometric construction of space curve 


be located as are necessary to define the curve. Fig. 186 
illustrates the method of constructing the isometric of a 
space curve from two orthographic views previously drawn. 


136. Oblique projection: definition 


An oblique projection of an object is one obtained by 
means of projecting lines parallel to each other and inclined 
to the plane of projection. Only one plane is used, and the 
inclination of the projectors | 
may be any angle desired. 

As in other forms of pro- 
jection, the oblique projection 
of an object is determined 
by joining in the proper order 
the points in which projectors 
through the corners of the 
object pierce the projection plane. Fig. 187 is a pictorial 
representation of an object and the construction for finding 
its oblique projection upon the horizontal plane, the pro- 
jectors, AAo, BBo, etc., being shown parallel to the vertical 
plane and inclined to the horizontal. 





Fic. 187. Oblique projection 
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137. Placing the object 


Since, by a system of parallel projectors, a plane figure 
is projected in true shape upon a plane to which it is parallel, 
the projectors being either perpendicular or inclined to the 
plane of projection, an oblique drawing is made by placing 
one of the faces of the object parallel to that plane. Further, 
for the same reason, the face chosen to be parallel is usually 
the one which contains the most circles, arcs, and other 
curves, or, if the object is composed of straight lines, the 
one which contains the most that are not parallel. These 
considerations contribute to facility of construction. 


138. Inclination of projectors 

The object having been properly placed with respect to 
the plane of projection, the direction of the projectors is 
then so chosen as to make visible in the projected view those 
faces of the object it is desired to show. In Fig. 187 the pro- 
jectors are parallel to the vertical plane, as are two faces of 
the object. Consequently, . 
in the oblique drawing only 
two faces, the top and left 
end, are seen, the front and 
rear faces projecting as two 
straight lines. Thisisnota 
suitable arrangement, since 
the oblique view thus ob- 
tained possesses little of the pictorial character desired. If 
the projectors are drawn in a direction inclined to the H, V, 
and P planes, as shown at AAo, BB, etc., in Fig. 188, three 
faces of the object — the top, front, and left end —are vis- 
ible, resulting in a view on the horizontal plane that more 
fully describes the shape of the object. These projectors 
could have sloped down to the left and rear, or down to 
the right or left toward the front, as well, the result being 
that other faces of the object would have been visible. 





Fic. 188. Oblique projection 
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The shape of the oblique view will also vary with the de- 
gree of inclination of the projectors, the essential point of 
difference being the length of the projections of lines per- 
pendicular to the plane of projection. The most generally 
used slope is 45°, whereby the projected length of each line 
perpendicular to the plane of projection is equal to the 
length of the line itself. This is the inclination used in 
Figs. 188 and 189. 


139. Constructing the oblique projection 


The method of applying the principles of descriptive 
geometry to the construction of an oblique projection is 
illustrated in Fig. 189. The object is placed with one face, 
ABCD, parallel to the 
plane to be used as the 
plane of projection (in 
this case the vertical) ; 
the two orthographic 
views, top and left side, 
are constructed in the ~ 
usual way. Projectors, 
as EM, are drawn, at 
any desired inclination © 
7. to the vertical plane 

Fic. Sr aeeh etre from (usually 45°), through 

the corners of the ob- 

ject, and the points, as E, F, etc., in which these projectors 

pierce the vertical plane are found. These points, properly 
connected, determine the required oblique projection. 

Since the faces parallel to the plane of projection are pro- 
jected in true size and shape, an oblique drawing usually is 
constructed directly, without the use of the two ortho- 
graphic views of Fig. 189. Thus, if the face ABCD is drawn 
in actual size or to a desired scale, from the known dimen- 
sions of the object, the parallel lines AF and DE can next 
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be drawn, at any desired angle to AD, after which the 
remaining lines of the view can be added. If the projectors 
are inclined 45° to the plane of projection, the lengths of AF 
and DE are laid off full size, or to the same scale used for 
the measurements of ABCD. However, any scale, either 
larger or smaller than that used on the face ABCD, may 
be employed in measuring the third dimension of the object, 
since a line perpendicular to the plane of projection may be 
projected at any length whatever by suitably varying the 
inclination of the projectors. 

By giving attention to the direction chosen for the reced- 
ing axis, as the projection of an edge perpendicular to the 
plane of projection is called, the drawing may be made to 
show more fully the detailed shape of either the top or left 
side face of the object, as desired. 


140. Lines neither parallel nor perpendicular to the plane 
of projection 

The method of the last two paragraphs was employed in 

the construction of the oblique views of Fig. 190, the objects 


Ss 
©) © 


Fic. 190. Oblique projection of circles 





shown having all curved edges in planes parallel to the plane 
of projection. Obviously, many objects have curved or 
irregular edges that are not in parallel planes, in which case 
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the object is placed with as many curved edges as possible 
parallel to the plane of projection, after which the curves 
and irregular lines not parallel to that plane are determined 
point by point, in much the same way as are curves in iso- 
metric, that is, by coordinates. This method is illustrated 
in Fig. 191. A con- 
struction rectangle, 
ABCD, is circum- 
scribed about the 
face of which the 
curve is a part, and 
coordinates with re- 
spect to the sides 
AB and AD are in- 
serted for as many 
points, M, N, O, P, etc., as may be needed to determine a 
smooth curve. Then the oblique projection, ABCD, of this 
construction rectangle is drawn, in which are found the 
representations, M, N, O, P, etc., of the points chosen. 
A smooth curve through them is the required oblique ~ 
projection of the curved line of the object. 
An approximate method of obtaining the 
oblique projection of a circle by means of 
ares of circles is shown in Fig. 192. The 
circumscribed square is constructed in 
oblique at ABCD, as before. Perpendic- 4 
ular bisectors of the sides are erected at E, 
F, G, and H, to intersect at the points M, 
N, O, and P, the centers of arcs which 
form the required oblique view of the circle. 
This method is applicable for any angle 
at the vertices B and D of the rhombus, but it should not be 
used for an angle of less than 45°, since the resulting curve 
does not approximate an ellipse. It cannot be used unless 
the receding axis AB is drawn to the same scale as AD. 























Fic. 191. Oblique projection of plane curves 
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Fic. 192. Oblique 
projection of circle 
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If AB and BC are equal, and 
if the angle at B is 60°, the 
method of Fig. 192 may be used 
also as an approximate construc- 
tion for the isometric of a circle. 
In this case the points A and O 
coincide and the points P and C 
coincide. 

In Fig. 193 is shown the ob- 
lique representation of an object Fic. 193. Oblique projection 
with curved edges in planes not chun 
parallel. While this is comparatively simple in shape, 
more complicated objects are treated in the same manner. 





141. Applications of oblique projection 

In addition to its application to formally constructed 
oblique drawings such as Figs. 190 and 198, the principle of 
this type of drawing is used occasionally for the purpose of 























Fic. 194. Shade line drawing 


rendering more legible the ordinary views of a machine 
drawing. This scheme, not extensively employed of late 
years, is the shading of some of the lines of an orthographic 
view in the manner shown in Fig. 194 in order to suggest the 
effect of three dimensions in each view which actually rep- 
resents only two. The lines on the right side and lower 
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edges of each view are made heavier than the others, as 
shown, thus giving the effect of thickness along a short 
receding axis. This is called shade line drawing, being in 
reality an oblique drawing in which the third dimension is 
only suggested. 

Another application of oblique projection to practical 
drafting is that shown in Fig. 195, which is self-explanatory. 


ie 
tI} 
i Kitchen 








Fic. 195. Oblique drawing of floor plan 


This use is generally limited to house plans made for dis- 
play purposes, to be read by the very inexperienced layman, 
its advantage over the ordinary method of showing floor 
plans being apparent. 


142. Comparison of various kinds of projection 


Oblique and orthographic projections have the follow- 
ing principles in common: the point of sight is infinitely 
remote; the projectors are parallel to each other; and the 
object is placed, in general, with its most irregular plane 
face parallel to the plane of projection. They differ in that 
the projectors are inclined to the plane of projection in 
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oblique drawing, and only one view is made, whereas in 
orthographic drawing the projectors are perpendicular to 
the planes of projection and any number of views may be 
used, the minimum being two. 

Oblique and isometric projections are alike in that they 
have the point of sight infinitely remote, use only one plane 
of projection, and have parallel lines as projectors. Their 
essential points of difference are the obliquity of the projec- 
tors to the plane in the case of the former, and the obliquity 
of the faces of the object in the case of the latter. 


143. Perspective drawing: definition 


A perspective drawing is a representation, on a single 
plane surface, of an object as it would appear to the eye 
placed at a point comparatively close to the object. The 
projecting lines, or visual rays, as they are called, converge 
to the eye, thus being inclined at various angles to the sur- 
face on which the perspective is made. The representation 
is obtained by joining the points in which the visual rays 
pierce the plane, and presents to the eye exactly the same 
impression as the more distant object only when the eye is 
put at the same position with respect to the picture that 
it was imagined to occupy when the perspective was made. 
A perspective may be described as a likeness of an object 
represented on a transparent plane interposed between the 
object and the observer. In practical work, sheets of paper, 
canvas, blackboards, camera plates, and the like replace the 
transparent plane. 

A perspective drawing is usually referred to as the perspec- 
tive, or more simply as the picture. If properly constructed 
in line drawing and then softened with tone rendering, 
it should not be greatly unlike a good photograph of the 
object. 

The artist draws his picture ‘by eye” and in so doing 
places each line by judgment based on the experience of 
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previous study. The engineer’s method of making a per- 
spective may result in an effect no less artistic, and possesses 
the added merit of being reducible to rules which any drafts- 
man may apply. A perspective drawing is constructed by 
joining, in proper order, the points in which the visual rays, 
or light rays, drawn from the significant points of the object 
to the position of the eye, called the point of sight, penetrate 
an imagined plane, called the picture plane, so set up as to 
cut all the visual rays. Consequently, the perspective of an 
object may be found by the rather simple process of locat- 
ing the points in which a number of lines pierce the vertical 
plane, which is generally used as the picture plane. A 
perspective obtained in this way is called a mechanical per- 
spective. Since the light rays, or projectors, converge, lines 
and angles are rarely shown in their true size, or plane 
figures in their true shape. 


144. Steps in making a mechanical perspective 


For the mechanical construction of a perspective a pre- - 
liminary set-up must first be arranged, in sketch form or in 
the imagination only, in conformity with the required rela- 
tions between the three main elements involved. The three 
main elements are the object, the point of sight, and the - 
picture plane. In Fig. 196 is shown a sketch of such a set- 
up. The object is a segment of railroad track, and the re- 
quirements of this particular problem are that the picture 
plane shall be placed perpendicular to the track, and that 
the eye shall be located a specified distance in front of the 
picture plane and above the center line of the track. This 
step is merely preliminary to the actual construction of the 
perspective and is recommended because it aids the drafts- 
man to make a conscious grouping of the factors used in his 
subsequent construction. 

The next step is the construction of two or more ortho- 
graphic views of the preliminary set-up, for which-purpose 
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the picture plane is made to coincide with the vertical plane, 
the object and point of sight being represented in their 
proper positions relative to the picture plane. The two 
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Fic. 196. Set-up for perspective drawing 


orthographic views used may be a plan and front elevation, 
or a plan and a left or right side elevation. Fig. 197 shows 
a plan and left side elevation of the set-up of Fig. 196. 
The final step in drawing a perspective is the construction 
of lines, representing visual rays, from each point of the 


object it is desired to 
show in the picture, and 
the location of the points 
in which these rays pierce 
the picture plane. When 
enough piercing points 
are found, the perspec- 
tive is completed by con- 
necting them in the proper 
pattern for the object 
given. The way in which 


em 
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Fic. 197. Set-up for perspective drawing 


the perspective of an object is worked out from the ortho- 
graphic views of the three elements concerned, as well as 
the way in which the principles of descriptive geometry 
enter into the construction, may best be illustrated by the 
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detailed solution of a problem. It will develop in this solu- 
tion that two distinct methods may be followed in obtain- 
ing the desired results. One is known as the Visual-Ray 
Method, the other as the Vanishing-Point Method. Both 
will be explained in succeeding articles. 


145. Perspective by the visual-ray method 


Let it be required to find the perspective of the object of 
Fig. 196. First are drawn a plan and a side elevation, or pro- 
file view, Fig. 198, of the three elements involved, using the 
set-up as a guide for fixing distances and positions. To 
simplify the drawing. 
only the rails of , the 
track are lettered, — ab 
and cd in the plan, a2b2 
and cd, in the profile. 
The picture plane is 
shown edgewise in both 
plan and profile views, - 
as it was in Fig. 197. 
The eye is placed at 
the point S, which is 
represented by s, s’, and © 
s.in the drawing. These 
latter projections are 
determined in any stated problem by reference of the 
point S in feet or inches to some point on the object. 
Since the picture plane is projected as a line in both 
views, or since it is both an H and a P projecting plane, 
the piercing points, in the picture plane, of the rays drawn 
from A, B, C, and D to S are easily found. They are A,, 
B,, Cp, and D, respectively. A,B, and C,D, are the de- 
sired perspectives of the rails. The method here used for 
the two lines is sufficient for the solution of problems in- 
volving any number of lines, that is, for any solid. It is 








Fic. 198. Perspective by visual-ray method 
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called the method of the visual ray because all the points 
on the perspective are determined by use of visual rays. 
In Fig. 199 is shown a perspective obtained by the appli- 
cation of this method to an object resembling a building. 




















Fic. 199. Perspective by visual-ray method 


146. Locating the object and the point of sight 


The appearance of the perspective depends on the posi- 
tion of the point of sight with respect to the object and pic- 
ture plane, or, if the eye and picture plane are considered 
fixed with respect to each other, on the way the object is 
turned with relation to the eye and picture plane. If one 
face of the object is against the picture plane, the perspec- 
tive of that face coincides with the face itself. If one face 
is parallel to the picture plane, its perspective is similar in 
shape but reduced in size, depending on the distance of the 
face behind the picture plane. The object shown in both 
orthographic and perspective projection in Fig. 199 is placed 
with its front face parallel to the V plane, or picture plane, 
the perspective being constructed from the orthographic 
views by the visual-ray method. It will be noted that in 
perspective this front face, though smaller, is similar to the 
true shape of the front face of the object, as shown by the 
light dash lines in the vertical projection. Incidentally, 
Fig. 199 illustrates a reason for employing only the plan 
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and a side elevation of the object when constructing a per- 
spective, since the front elevation will almost invariably 
overlap the perspective. 


147. Points in the picture plane 


As stated in the preceding article, if a point, line, or plane 
figure is placed in the picture plane, it coincides with its 
own perspective and vertical projection. Use of this fact 
often shortens the work of finding the perspective of a 
line, for if the line can be made to pierce the picture plane 
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Fic. 200. Perspective of V piercing point of line 


conveniently, this piercing point is one point in the per-- 
spective of the line, after which only one other point in the 
perspective need be located. Thus, in Fig. 200, the line AB 
produced pierces the picture plane at the point P, whose per- 
spective is P,. The perspective B, of the point B in the line 
AB is found by the visual-ray method. Then the line P,B, 
is the perspective of the entire line PB. If the perspective 
of the definite segment AB is desired, a construction for the 
point A may be added, similar to that for B. 

In the following article will be shown a method for find- 
ing another point which, when joined to the point P,, 
determines the perspective of the infinite line of ‘ules AB 
is but a segment. 
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148. The vanishing point 

The vanishing point in perspective drawing is the point in 
the picture plane at which is terminated the perspective of a 
given line of infinite length. It is that point in which a line, 
drawn through the point of sight and parallel to the given 
line, pierces the picture plane. It is the perspective of the 
infinite point on the given line. In Fig. 196 the vanishing 
point of the line ABiss’. Also, s’ is the vanishing point of CD. 

In Fig. 201 let it be required to locate the vanishing point 
of the given line AB. Through S draw the line SV, parallel 
to AB. Its projections, sv and s’v’, are parallel to ab and 
a’b’ respectively. The vertical projec- 
tion, v’, is the point in which the line 
SV pierces the picture plane; hence it 
is the required vanishing point of the 
line AB. It is the perspective of the 
infinite point on AB when the line is 
produced beyond B to infinity. 

Further reference to Fig. 196 will aid 
in making clear why the foregoing con- 
struction gives the vanishing point. 
Imagine a point M chosen at an in- Fic. 201. Perspective 
finite distance on the line AB produced, “ Lee ee pa 
and the visual ray drawn to the eye from 
this point. This ray is parallel to AB, and perpendicular 
to the picture plane, and the point s’ in which it pierces 
the picture plane is the perspective of the point M. But no 
point can be taken in AB farther away than M, so that the 
perspective of AB extended infinitely terminates, or van- 
ishes, at s’. A similar discussion applies to any line in space, 
whether it is perpendicular to the picture plane, as in 
Fig. 196, or inclined to it, as in Fig. 201. 

Since the vanishing point, v’, is one point in the perspec- 
tive of the infinite line AB, Fig. 201, and P, is a second, it 
will be seen that the line P,v’ is the perspective of AB from a 
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point P, in the picture plane, to infinity. As in Article 147, 
if it is desired to lay off on P,v’ the perspective of the 
definite segment AB, additional construction must be made, 
which will be illustrated later. 

If two or more lines in space are parallel, they have a 
common vanishing point, for the line drawn through the 
point of sight parallel to one is parallel to all. This prop- 
erty makes the vanishing point a useful device in the con- 
struction of perspectives if the object is made up of several 
sets of parallel lines, since the perspectives of all the lines 
of any one set pass through their common vanishing point. 


149. Perspective by the vanishing-point method 


Let it be required to construct, by the method of vanish- 
ing points, the perspective of the object shown in Fig. 202. 
; d The object is to be turned with its longest 

edges at an angle of 30° to the picture plane 

Pee to give a better view of it; the picture plane 

au cd’ is to be munits in front of the upper front _ 

ra corner of the object ; and the point of sight is 

to be x units to the left of the same corner, 
y units above, and z units in front of it. 

Draw the plan abcd, Fig. 208, of the object in the desired 
position behind the picture plane, and locate the plan s of 
the point of sight at the proper position in front. Construct 
either a front or an end elevation of the object at any con- 
venient position at one side of the sheet, as shown at CUCae 
and locate the front view, s’, of the point of sight with refer- 
ence to this elevation and the point s. Now draw the lines 
SV and SV, through §, parallel, respectively, to AB and 
BC, by making sv parallel to ab, sv; parallel to be, and s’v’ 
and s’v,’ both parallel to a’b’, and find the points V and V; 
in which they pierce the picture plane. These points coin- 
cide with v’ and 2,’, respectively, and are the vanishing 
points for the lines AB and BC respectively, and. for all 


Fig. 202 


PICTORIAL DRAWING 249 


edges of the object parallel to these lines (see Article 148). 
They are usually designated as V.P.L. and V.P.R., mean- 
ing the vanishing point to the left and right, respectively. 

Next find the points P,, Pip, P2,, and P3, in the perspec- 
tives of the lines AD, BC, AB, and CD, respectively, by the 
theory of Article 147; then the lines Bey ili 2.) and 
P;,v’ are the perspectives of the infinite lines of which AD, 














Fic. 203. Perspective by vanishing-point method 


BC, AB, and CD are segments, respectively. Their inter- 
sections with each other at A,, B,, Cp, and D, are the per- 
spectives of the four points A, B, C, and D, as shown. The 
remaining three visible corners directly beneath A, B, and C 
are located in a similar manner to complete the required 
perspective of the object. 

It will be noted in Fig. 203 that the view a’b’c’d’ is like the 
vertical projection of the object when one end is parallel to 
the V plane, and not an actual profile or vertical plane view 
projected from the plan abcd, as was the second view of the 
object in Fig. 199. This is because it is used in the vanishing- 
point method for determining vertical measurements only, 
or heights, in the perspective, as the figure shows, and for 
this reason may be any elevation. 
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150. Comparison of the vanishing-point and visual-ray 
methods 

The vanishing-point method is generally superior to that 
of the visual ray because it may be used if one has a plan and 
any elevation, asa set of blue-print drawings, of a building or 
other object whose perspective is desired (see Article 149). 
The actual construction of the perspective can begin as soon 
as the plan has been arranged in the proper relation to the 
stipulated point of sight— say, as shown at 
abed, Fig. 203 — and the sheet containing an 
elevation has been placed at any convenient 
position at one side, as a’b’c’d’. It is necessary 
that the two views be drawn to the same scale. 
The elevation may be front or rear, or right or 
left side, since it is used only for the measure- 
ment of heights, whereas, if the visual-ray 
method is employed, the elevation must be an 
actual projection of the object upon the end 
plane (see Article 145). 

A further advantage is the rapid determina- 
tion of one point (the vanishing point) common to all lines of 
a parallel set, which not only reduces the amount of construc- 
tion but at the same time furnishes an aid to accurate drawing. — 

The construction of the perspective of an object which 
does not comprise sets of parallel edges, as, for instance, the 
pyramid of Fig. 204, which has no two lines parallel, is not 
expedited greatly by the vanishing-point method, so that 
quite often a combination of this and the visual-ray method 
proves most effective. The minimum construction is shown 
in Fig. 205 for the combined methods. The two perspec- 
tives C,v’ and C,v,’ of the two base lines, CB and CA 
produced to infinity, are located by means of their vanish- 
ing points, after which the definite points A, and B, are 
found on these edges by drawing the H projections of 
visual rays. The perspective O, of the apex is located, by 





Fig. 204 
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Fic. 205. Perspective by combined methods 


means of a visual ray, on the perspective of the line OM 
passed through O, after the perspective of the infinite line 
OM has been determined by use of its vanishing point. 














Fic. 206. Perspective of curved lines 
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151. Perspective of curved lines 

The perspective of a curved line is determined by locating 
the perspectives of several points init. This is done in much 
the same way as that used for the point O in the preceding 
article, and illustrated in Fig. 206, which shows the method 
applied to the perspective of a circle whose plane is per- 
pendicular to the horizontal plane and inclined to the ver- 
tical plane. The perspective of a three-dimensional curve 
is found in a similar manner. 


152. Shadows, shades, and shade lines: definitions 

A shadow is that part of the surface of an illuminated 
object that is devoid of direct rays of light because of the in- 
terposition of some opaque body between it and the source. 
In a physical sense, a shadow is a volume and comprises all 
that space from which the light is excluded by any opaque 
body. In architectural work, however, in which it recurs, the 
term ‘‘shadow’”’ has reference 
to a limited area of unlighted . 
surface. 

A shade is that portion 
of the surface of an object 
that is turned away from the | 
light. The distinction be- 
tween shadow and shade is 
sometimes difficult to make. 
Indeed, occasionally the one 
will merge into the other in such a way that no line of de- 
marcation can be drawn. In general, if an object “stands in 
its own light” its unlighted part is in shade. If some other 
object “stands in its light,” the unlighted part is in shadow. 

In Fig. 207 the shadow of the chimney is shown upon the 
roof, and the right face of the chimney is in shade. Also, 
the right end of the building is in shade, while the shadow of 
the building would be found upon the ground, or on neigh- 





Fic. 207. Shadows, shades, and 
shade lines 
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boring trees or structures. The coping on top of the chimney 
casts a shadow on the front face of the chimney as well as on 
the roof, its under side and right face being in shade. 

The shade line, or line of shade, is the line which separates 
the lighted area of an object from the part in shade. For 
example, the right vertical edge of the front face of the 
chimney, Fig. 207, up as high as that face is lighted, is one 
of the shade lines of the object. The shade line may also be 
defined as the line of contact with the object of a cylinder or 
prism of light rays which envelops the object. It may be 
a straight line, such as one of the 
edges of the object, as shown in 
Fig. 207, or it may be curved, as 
the great circle indicated on the 
sphere of Fig. 208. In this latter 
case, it is the line of intersection of 
the sphere by a plane through its 
center perpendicular to the light 
rays. The shadow cast by a shade 
line forms the outline of the shadow __ FIG. 208. Shadow, shade, 

‘ a and shade lines 
of the given object. 

Shadows and shades are represented in architectural 
drawing for the purpose of enriching the views of a structure 
and giving them fuller meaning. Tonal rendering adds re- 
lief to an otherwise flat elevation, resulting in a feeling, as 
experienced by the observer, that in a measure approaches 
that produced by the object itself. Washes, laid over with a 
brush, and shading applied with soft pencil are graduated 
by the skilled artist to suggest the variations of light and 
shade in nature. 

Before these are applied it is necessary to work out the 
shape of the area to be covered. This must be done, when 
either the object casting the shadow or the one on which 
the shadow falls is irregular in shape, by tedious point-by- 
point construction, if accuracy is desired, in much the same 
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manner as are lines of intersection of curved surfaces. Lines 
are drawn to represent rays of light through the various 
points which cast shadows, their piercing points with floor, 
wall, column, pilaster, molding, or other solids being the 
shadows of the points on these objects. When enough points 
have been located, the outlines of the required shadows are 
determined by connecting them in the proper order. 

First-quadrant projection is employed in all the illus- 
trations on shadow construction, in conformity with the 
prevailing custom in architectural drawing. 


153. Conventional light ray 


The light rays in architectural work are assumed to be 
parallel, and to extend downward to the right and rear in 
the direction of one diagonal of a cube whose faces are 
parallel to the codrdinate planes. This means that their 
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Fic. 209. Direction of light rays 





projections are drawn at an angle of 45° to the ground lines, 
and that the slope of the ray itself with respect to the H, V, 
and P planes is about 35° 16’, as shown in Fig. 209. The 
shadow of any given point is found wherever the ray through 
the point pierces the first object or surface encountered. 
Thus the shadow of the point A, Fig. 210, is on the V plane 
ata,’. The shadow of the point B falls at b, on the H plane, 
and that of C, at c. on the P plane. In representing a 
shadow on the H, V, and P planes, and on those plane faces 
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of any object that are parallel to them, the projections of 
the shadow that fall in the ground lines are left unmarked 
(see Fig. 210). Ex- a’ ' 
cept for purposes 
of discussion, even 
the vertical pro- 
jections need no 
notation, since, in 
general, the area 
of a shade or 
shadow is made 
noticeable by rul- 
ings, as in Fig. 208. In marking out the extent of a shadow 
greater difficulty is experienced in determining which points 
or lines cast the shadow than in locating the points in which 
the rays pierce one surface or another. 
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Fig. 210. Shadows on coordinate planes 


154. Point-by-point method of drawing shadows 

Let it be required to find the shadow of the curved line 
ABin the first drawing of Fig. 211. Rays are drawn through 
various points A, E, etc., of the line AB, their V_ piercing 
points, a,’, e,’, etc., being joined to give the required shadow, 
a;'b;’. Seven points are shown in the construction, three of 
which, a,’, e,’, and b,’, are lettered. In the second drawing 
of Fig. 211 the shadow c,’e,’d,’ cast upon the short piece of 
molding MNO by the curved line CD near it, is constructed 
in a similar manner. Since the surface upon which the 
shadow falls is partly curved, a larger number of rays than 
for the line AB must be employed to obtain accurate results. 

In Fig. 212 the conditions are the same as in Fig. 211 
except that the lines whose shadows are to be found are 
straight lines. The segment e,’b,’ of the shadow which falls 
on the cylindrical part NO of the molding, in the first draw- 
ing of Fig. 212, is determined point by point, as before. 
While this method may be followed also for the segment 
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a,'e,’ which falls on the plane face MN, use should be made 
of the fact that a straight line casts a straight shadow upon 





Fic. 211. Shadows of curved lines 


a plane. Therefore only two rays are needed. The first is 
the one through A, locating the shadow of A at a,’. The 





Fig. 212. Shadows of straight line on plane and curved walls 


second should be the ray through the point in AB whose 
shadow falls on the line of intersection, NN, of the plane and 
cylindrical faces of the molding. To find this point, draw 


PICTORIAL DRAWING 257 


the H trace, Rr, of the plane of rays through NN. The 
point E in which AB pierces this plane is the point desired, 
its shadow being found at e,’, the straight segment of 
shadow then being drawn by connecting a,’ and e,’. 

This construction for finding the shadow of the point E in 
the line AB is employed in the second drawing of Fig. 212 to 
determine the points g,’, 7,’, etc., at which the shadow of the 
line CD breaks around the vertical edges NN, OO, etc., of the 
prism MQ, the total shadow, c,’e,’g,’ +--+ d,’, being partly on 
the V plane and partly on the prism. The ray through the 
point K touches the prism at k,’, and continues until it pierces 
the V plane at k,,’, so that, in a sense, the point K has two 
shadows. The point k,’ is sometimes called a point of loss. 

Since the face OPPO is parallel to the V plane, the seg- 
ment 2,’7,’ of the shadow on it is parallel to c,’d,’. 

In the second part of Fig. 212, in addition to the shadow 
of the line CD upon the prism and upon the V plane, the 
shadow of the prism itself is shown, partly on the H plane 
and partly on the V plane. Most of the shadow on the V 
plane falls directly behind the prism and so is invisible in 
the front view. The outline of this hidden area is indicated 
for the purpose of making the drawing complete, although 
ordinarily it would be omitted altogether. 


155. Principles 


Several fundamental principles may be stated which aid in 
simplifying the constructions necessary in drawing shadows. 

1. If a line is parallel to a plane, its shadow on that plane 
is parallel, and equal in length, to the line itself. Fig. 218 
shows the shadows, on the V plane, of three straight lines, 
AB, CD, and EF, and of a circle with center at C, all parallel 
to the V plane. 

2. If a line is perpendicular to a coérdinate plane, its 
shadow on that plane is a straight line inclined 45° to the 
ground line (see Fig. 214). 
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In both numbers 1 and 2 the shadows of the lines shown 
may be considered as traces, on the H or V plane, of planes 
of rays passed through the given lines (see Fig. 215). In 
some cases it may prove advantageous to think of the 
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Fic. 213. Shadows of lines on coérdinate planes 


shadow as being cast by a cylinder of rays; for example, 
in finding the shadow of the circle in Fig. 213. 

3. If the shadow of a straight line falls partly on the H 
plane and partly on the V plane, it breaks at the ground 
line in such a way that the part on each is governed by num- 
bers 1 and 2 above. In Fig. 215 are shown three possible - 





Fic. 214. Shadows of lines on codrdinate planes 


cases. Note here, again, that the shadows on the H and 
V planes are definite parts of the traces of a plane of rays. 

4, If a line AB parallel to the H and V planes casts a 
shadow on a vertical broken wall, column, or molding, as in 
the first drawing of Fig. 216, the shadow has the same shape 
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as the inverted horizontal projection of a right section of the 
wall, column, or molding. Application of this principle makes 
it necessary to locate the shadow of but one point, as a,’, 
after which the remaining parts may be drawn in directly. 





Fig. 215. Planes of rays 


5. If a vertical line CD casts a shadow upon a molding 
parallel to the H and V planes, as in the second drawing of 
Fig. 216, the shadow has the same shape as the reverse of a 
profile plane section. 

6. If a circle is parallel to the H plane, its shadow on the 
V plane is an ellipse which is determined as shown in the 














Fic. 216. Shadows of straight lines on plane and curved walls 


first drawing of Fig. 217. The shadow, d’e’f’g’, of a square 
circumscribed about the circle is first constructed, and the 
midpoints, 1, 3, 5, and 7, of its sides are determined. The 
distance e’v’ is laid off on a’v’ to give o and p. Lines through 
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o and p parallel to d’e’ cut the diagonals of d’e’f’g’ in the 
points 2, 4,6, and 8. The points 1 to 8 determine the shadow. 

7. If a circle is parallel to the P plane, its shadow on the 
V plane is an ellipse which is determined as shown in the 
second drawing of Fig. 217. 

8. The shadow cast upon the H or V plane by a sphere is 
an ellipse whose center and major and minor axes are deter- 
mined as shown in Fig. 218. 





Fic. 217. Shadows of circles on Fic. 218. Shadow of sphere 
coérdinate planes on coérdinate plane 


156. Shade line of a cylinder 

A circular cylinder perpendicular to the H plane has half 
its surface lighted, but not the half that is visible in the V 
projection. The shade lines are the elements of tangency, 
AB and CD, Fig. 219, of planes of rays. Since AB is on the 
invisible half of the cylinder, it is not considered or shown. 
That part of the elevation to the right of c’d’ is usually 
shaded as in the figure. 


157. Shade line of a cone 


The shade lines of a cone whose axis is perpendicular to 
the H plane are obtained as shown in Fig. 219. They are 
the elements of tangency, AB and AC, of planes of rays. It 
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will be noticed that more than half of the curved surface 
is lighted. The amount of shaded area of a cone with its 
axis perpendicular a’ ie 
to the H plane 

decreases as the 
altitude decreases, 
until the base angle 
becomes equal to 
the slope of the : 
light rays, when bi a 





























all the surface is ay 

lighted. If the cone 

is inverted, the VA 
areas of light and ve 


shade are inter- 
changed, and unless 
the base angle is equal to the slope of the light rays or 
greater, all the surface is in shade. 


Fic. 219. Shade lines of cylinder and cone 


158. Shade line of a sphere 


The cylinder of rays tangent to a sphere touches it along 
a great circle which is the line of intersection of the sphere 
and a plane drawn through the center and perpendicular 
to the light rays. This circle is the line of shade, its projec- 
tions being found by the construction of Fig. 218. 

All the constructions of Figs. 218 to 219, inclusive, are 
based on rigid applications of descriptive geometry prin- 
ciples, and are given in the manner shown because they may 
be drawn quickly and accurately by these short-cut methods. 

The routine construction required in the determining of 
shadows may be greatly reduced by the application of the 
foregoing principles. In fact, the skilled architectural drafts- 
man, having mastered them by study and experience, is 
generally able to sketch in the shadows on an elevation 
almost entirely by eye, and with comparative exactness. 





PROBLEMS 


The problems of the following pages are grouped under head- 
ings corresponding in meaning to those used in the main section 
of the text for the articles, indicating thereby the principles 
that the problems are to exemplify. The problems and figures 
are numbered consecutively, though not in agreement in any 
individual case. References to article, figure, and problem num- 
bers are inclusive in every instance. 

Problem specifications are of two types: first, those refer- 
ring to a group of figures on one page, called a ‘‘drill sheet,” 
and, second, those referring to a single figure which appears 
on the same page with, or a page contiguous to, the problem 
specification. The first nineteen pages of figures constitute the 
drill sheets. Except in a few instances the problems referring 
to these sheets are given first under each article heading. The 
instructor will assign problems of this type for class and home 
drill by stating the problem and figure number, which he may 
do in any case without reference to the drill sheets themselves, 
thus: Problem 12, Fig. 31, or Problem 12, Fig. 52. The page 
number may be added if desired. 

The figures should be enlarged to at least twice their present 
size in reproducing them on class plates. With a two-to-one 
enlargement the solutions will remain within a 3” x 3” to 
4’’ x 4’”’ space, thus making it possible to place from six to 
eight problems on a 9” x 12” sheet without crowding. Repro- 
duction of the drawing by eye will suffice in ‘most cases, but 
where the relation of parts must be maintained accurately, ver- 
tical and horizontal scales have been added to the drawings, — 
the former on either or both sides of the sheet, the latter along 
the ground lines. The unit of measurement marked on the 
scales is one eighth of an inch. Points falling between scale 


points are to be considered as on the sixteenth-inch mark. 
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Lines that are drawn parallel or perpendicular to other lines 
are to be detected by inspection of the drawing only. No closely 
parallel or perpendicular lines are shown on the drawings, as a 
rule. Traces of planes are inclined to the ground lines at angles 
of 15° and multiples thereof. 

Unless specifically stated otherwise, the solution of any prob- 
lem comprises the H and V projections or views, although 
constructions on other planes may be required in obtaining 
these views. 

Where two or more magnitudes, such as a point and a line 
or a line and a plane, for instance, are represented on the drill 
sheets, they are referred to in the problem specifications as a 
“set,” for want of a better term, and their reproduction on 
the student’s drawing sheet, with indicated relations main- 
tained to scale, is known as the “‘set-up,” as is the imagined 
arrangement of the magnitudes in space. 

Where distances are specified in the problems in inches, full 
scale is intended irrespective of the enlargement used. Where 
distances are indicated by a graphical means, the indicator 
should be enlarged in proportion to other parts of the drawing. 
The bracketed coédrdinates of points are given in inches. 

A knowledge of the principles and conventions of elementary 
mechanical drawing is assumed. It is also assumed that the 
student knows at least one mechanical method for constructing 
an ellipse and other simple plane curves. 

In obtaining the solution of any of the following problems, 
the student should adhere to the scheme employed throughout 
the text, which is stated in summary form on page 50. The 
analysis of an involved problem should be written out before 
the constructions are started. It should contain not only 
statements of the main elements of attack to be used in 
developing the necessary constructions but also any facts of 
a restrictive character which might control or limit the method 
and number of solutions. The constructions should be exe- 
cuted neatly and accurately. The lettering of each projection 
or trace as it is drawn is imperative, except where the same 
construction is repeated a number of times in a single problem. 
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Fics. 1-30. Point with profile or auxiliary coordinate plane 
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Figs. 31-54. Line with profile codrdinate plane 
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Fics. 55-79. Line in space 
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Fics. 80-103. Line with auxiliary codrdinate plane 
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Fics. 104-123. Plane figure with auxiliary codrdinate plane 
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Fig. 125 


Fig. 124 
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Fig. 128 


Fic. 127 








Fig. 131 


Fic. 130 


Fig, 132 


Fics. 124-132. Solid object with auxiliary codrdinate plane 
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Fics. 183-157. Plane in space 
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Fics. 158-177. Plane with profile codrdinate plane 
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Fics. 178-197. Plane with auxiliary codrdinate plane 


DESCRIPTIVE GEOMETRY 


274 


DRILL SHEET NUMBER 10 





i eee eel (oat S 
Ss 
° 
Sarasa 3 
Ks) 
Popeee 
By. 
SS 
S 
ae 
° 
y = : 





Fic. 201 


Fic. 200 


Fic. 199 


Fic. 198 








Fic. 203 Fic. 204 Fie. 205 


Fig. 202 
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Fig. 218 
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Fics. 218-242, Two intersecting lines 
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Fics. 243-262. Two non-intersecting, non-parallel lines 
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FIG. 322 


Fics. 303-822. Two intersecting planes 


DESCRIPTIVE GEOMETRY 


280 


DRILL SHEET NUMBER 16 





Fic, 326 


Fic. 325 


Fic. 324 


Fic. 323 











Fic. 330 


Fic. 329 


Fic. 328 


Fic. 327 








Fic. 333 Fic. 334 


FIG. 332 


FIG. 331 








Fic. 338 
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Figs. 323-338. Plane triangles and quadrilaterals 
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Fics. 355-366. Curved surface and intersecting plane ~ 
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Fics. 367-375. Two intersecting curved surfaces 
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Articles 1 to 9. H, V, and P Projections of a Point 

1. Plot a point in each of the four quadrants; in the V plane, 
both above and below the H plane; in the H plane, both behind 
and in front of the V plane; and in both the H and V planes. 
What are these nine points called when taken as a group? 

2. Find the profile projection of any assigned point shown in 
Figs. 1 to 15, page 265. 

3. Plot the H, V, and P projections of any assigned point from 
the following: A(— 2, 4, 14); B(— 14, — 3, 4); C(-1,3, -1); 
De grm=t —2) 7) HO Oe EG, 01d) Gun 
H(13, 0, —1). 

4. Plot the point M (1, 1,1). Locate the point N 4” nearer 
the P plane, {’’ nearer the H plane, and }” nearer the V plane 
than the point M, and in the same quadrant. 

5. Plot the H, V, and P projections of the point A(4, 14, 1), 
and of the point B, which is 1” to the left of, 4’’ lower than, and 
5"’ to the rear of the point A. 

6. Plot the H, V, and P projections of the point A(3, 4, 7), 
and of the point B, which is on the opposite side of the H, V, 
and P planes and as far from each as the point A. 

7. Complete the three principal projections of the points of 
Fig. 376, using the following additional data: for the point 
A, z= 4”; for the point B, x = — 3”; for the point C, y = 1.” 
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8. Complete the three principal projections of the points of 
Fig. 377, using the following additional data: the point E is in 
the H plane; for the point F, y = 4”. 

9. Plot the points B, C, and D at the same elevation as the 
point A, Fig. 378, and on the three corners of an imaginary one- 
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inch square, of which point A is the fourth corner and two sides 
of which are parallel to the V plane. 

10. Plot the points E, F, G, and K at the corners of an 
imaginary one-inch cube, of which points A, B, C, and D, 
Fig. 379, are the other four corners. 


Article 10. The Auxiliary-Codrdinate-Plane-3 Projection of a Point 


11. Find the auxiliary-codrdinate-plane-3 projection of any 
assigned point shown in Figs. 16 to 30, page 265. 


Articles 11 to 18. The H, V, and P Projections of Lines 

12. Find the profile projection of any assigned line shown in 
Figs. 31 to 54, page 266. 

13. Draw a straight line ABC with the points A, B, and C in 
the first, second, and third quadrants respectively. 

14. Draw the line AB from A(— 3, 14, 4) to B(3, — 1, 3), and 
on it locate the point C, 4’ above the H plane, and the point 
D, 3” in front of the V plane. 

15. The line AB, 1” long, is the base of an isosceles triangle 
ABC, Fig. 380. The triangle is parallel to the H plane. Draw 
the two principal views of the triangle. 
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16. The line AB, 1” long, is one of the equal sides of an 
isosceles triangle ABC, Fig. 381. The triangle is parallel to the 
V plane. Draw the three principal views of the triangle. 

17. Complete the three views of the rectangle ABCD, 
Fig. 382, that is parallel to the V plane. 

18. Complete the H and V projections of the square ABCD, 
Fig. 383. 

19. Complete the two views of the square ABCD, Fig. 384. 
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20. Complete the three views of the square ABCD, Fig. 385. 
21. Complete the three views of the square ABCD, Fig. 386. 
22. Complete the three views of the square ABCD, Fig. 387. 





Fic. 384 Fic. 385 Fic. 386 Fic. 387 


Articles 14 and 15. The Relations of Lines to Codrdinate Planes; 
Points on Lines 


23. Through any assigned point shown in Figs. 1 to 15, 
page 265, draw 

(a) a line inclined to the three principal codrdinate planes ; 

(b) a line parallel to the H plane and inclined to the V and 
P planes ; 

(c) a line parallel to the V plane and inclined to the H and P 
planes ; 

(d) a line parallel to the P plane and inclined to the H and 
V planes; 

(e) three lines perpendicular, respectively, to the three prin- 
cipal codrdinate planes. 


24. Draw each of the following lines: (a) AB, in the first 
quadrant, parallel to the H plane and inclined 30° to the V 
plane; (6) CD, in the third quadrant, parallel to the V plane 
and inclined 45° to the H plane; (c) EF, in the second quadrant, 
parallel to the P plane and inclined 30° to the H plane. 


25. If any assigned line shown in Figs. 55 to 79, page 267, 
were extended indefinitely in both directions, state which quad- 
rants would contain it. 


26. Locate two points, O and P, in the line AB, Fig. 388, 
that are equidistant from the H and V planes. In which se 
rants are they? 
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27. Locate two points, O and P, in the line CD, Fig. 389, 

that are equidistant from the V and P planes. In which quad- 
rants are they? 

28. Locate two points, O and P, in the line EF, Fig. 390, 


that are equidistant from the H and P planes. In which quad- 
rants are they? 
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29. On the circumference of the circle whose center is the 
point C, Fig. 391, locate two points, O and P, that are equi- 
distant from the H and V planes. 


Article 16. Intersecting Lines 


30. Select an intermediate point O on any assigned line shown 
in Figs. 55 to 79, page 267, and draw a line OM of any length 
and inclined to the three principal coordinate planes. 

31. Prove by construction and lettering that the following 


lines of Fig. 392 do or do not intersect: (2) AB and CD; 
(6) AB and EF; (c) CD and EF when produced. 





Fic. 392 Fic. 393 Fic. 394 


32. Plot the point O(z, —14, —14). From O draw a line OM 
parallel to the H plane and inclined 45° to the V plane; draw 
a line ON parallel to the V plane and inclined 30° to the H plane. 
Join the points M and N to complete the triangle MNO. 
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33. Find the point M in which the lines AB and CD, Fig. 393, 
intersect. In which quadrant is M? 

34. Find the point M in which the lines EF and GK, Fig. 394, 
intersect. In which quadrant is M? 

35. Do the lines AB and CD, Fig. 395, intersect? If so, 
locate their point of intersection M. 

36. The line CD, parallel to the H plane, intersects the line 
AB at the point E, Fig. 396. Draw the H and V projections of 
the two lines. 


37. The lines AB and CD intersect in the point E, Fig. 397. 
Draw the H, V, and P projections of the two lines. 


Q 
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38. The lines AB and CD intersect in the point E, Fig. 398. 
Draw the H, V, and P projections of the two lines. 


39. Construct the triangle MNO by joining the midpoints 
of the lines AB, CD, and EF, Fig. 399, with straight lines. 





Fic. 399 Fic. 400 Fic. 401 Fic. 402 


40. Locate a point M in the line AB, Fig. 400, 3” behind the 
V plane, and a point N 2” below the H plane. Draw a line MO 
parallel to the V plane. Connect points N and O. 


PROBLEMS 289 


41. Locate a point O in the line CD, Fig. 401, 3” above the 
H plane. How far is it from the V plane? Draw a line ON 
parallel: to the H plane. 


42. Draw a line MN parallel to the H plane and intersecting 
the line EF in a point N, Fig. 402. 


Article 17. The Auxiliary-Coodrdinate-Plane-3 Projection of a 

Line 

43. Find the auxiliary-codrdinate-plane-3 projection of any 
assigned line shown in Figs. 80 to 103, page 268. 

44, Find the auxiliary-codrdinate-plane-3 projection of any 
assigned plane geometrical figure shown in Figs. 104 to 123, 
page 269. 


45. Find the H and the auxiliary-codrdinate-plane-3 projec- 
tions of the line AB, Fig. 403. 
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46. The line CD, Fig. 404, is in the first quadrant. Find its 
H projection. 

47. The line EF, Fig. 405, is in the third quadrant. Find its 
V projection. 

48. Find the H and the auxiliary-codrdinate-plane-3 projec- 
tions of the line GK, Fig. 406. 


Article 18. Points in which Lines Pierce the Coordinate Planes 


49. Find the H and V piercing points of any assigned line 
shown in Figs. 55 to 79, page 267. If the line is parallel to a 
coordinate plane, thus having its piercing point in that plane 
at infinity, a neatly printed statement of this fact should be 
included in the solution. 


50. Find the P piercing point of any assigned line shown in 
Figs. 31 to 54, page 266. If the line is parallel to the P plane, 
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thus having its piercing point in that plane at infinity, a neatly 
printed statement of this fact should be given as the solution. 

51. The line AB, Fig. 407, pierces the H, V, and P planes at 
the same point. Draw the three projections of AB and letter its 
three piercing points. 

52. The line CD, Fig. 408, pierces the H and V planes at the 
same point. Draw the H and V projections of CD and letter 
its two piercing points. 

53. Draw the straight line ABC, which pierces the H plane 
at B, Fig. 409, and letter its H and V piercing points. 





Fig."407 Fic. 408 Fic. 409 Fic. 410 


54. The straight line EF, Fig. 410, pierces the V and P planes 
at the same point P. Draw its H, V, and P projections and 
letter its three piercing points. 


Article 19. The True Length of a Line 


55. Find the true length of any assigned line shown in Figs. 55, 
57, 60, 61, 62, 63, 67, 68, 69, 71, 76, 78, 79, page 267, by using 
an auxiliary coordinate plane parallel to the line. 





b 
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56. Find the true size of any assigned plane geometrical sur- 
face shown in Figs. 112 to 120, page 269, by projecting it upon 
the auxiliary codrdinate plane indicated, which is parallel to the 
given surface. 
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57. Which line of Fig. 411 is the longer, and how much? 

58. Find the distance from the point A to the point B, 
Fig. 412. 

59. Show by constructions and dimensions the true lengths 
of the sides of the triangle ABC, Fig. 413. 


60. Find the true length of each side of the triangle DEF, 
Fig. 414, by means of auxiliary views. Construct the triangle 
from these true lengths. 

61. The points B and C, Fig. 415, are equidistant from the 
point A. Find the V projection of the point B. 
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62. The line DE, Fig. 416, projects in true length upon a 
codrdinate plane 3 perpendicular to the V plane. Determine 
the ground line 1-38, the V and plane-3 projections of DE, and 
the H and V piercing points of DE. 

63. Draw the H projection of the equilateral triangle ABC, 
Fig. 417. 

64. Draw the V projection of the equilateral triangle DEF, 
Fig. 418. 
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65. An isosceles triangle ABC, Fig. 419, has an altitude 
equal to the length x shown, with BC as the base. Construct 
the H projection of the triangle. 
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66. An isosceles triangle DEF, Fig. 420, has an altitude 
equal to df, with EF as the base. Construct the V projection of 
the triangle. 

67. The line NO, Fig. 421, equal to the distance x in length, 
is the base of an isosceles triangle MNO. Construct the H pro- 
jection of the triangle. 

68. The line AB, Fig. 422, is tangent to the circle whose 
center is the point C. Construct ‘the H and V projections of 
the circle. 


Articles 20 and 22. The Angle between Lines; Perpendicular 

Lines 

69. Select a point O on any assigned line shown in Figs. 56, 
58, 59, 62, 64, 65, 66, 71, 72, 73, 74, 75, T7, and 78, page 267, 
and draw lines OM, ON, and OP, making angles of (a) 30°, 
(b) 45°, (c) 60°, respectively, with the given line. 

70. Select a point O on any assigned line shown in Figs. 55 
to 79, page 267, and draw a line OM making an angle of 90° 
with the given line. 


Article 21. Parallel Lines 


71. Draw a line OM through the given point O and parallel 
to the given line in any assigned set shown in Figs. 198 to 217, 
page 274. 


72. Draw the line CD parallel to the line AB, Fig. 423. 
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73. The point C, Fig. 424, is the midpoint of a line MN, 
which is parallel to AB and of the same length. Dav the 
line MN. 
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74. The line AB through the point M, Fig. 425, is parallel 
to the line CD through the point N. Complete the projec- 
tions of the two points and lines. 


75. The lines AB, CD, and MN, Fig. 426, are parallel. Find 
the three principal views of the three lines. 


Article 23. Representation of Solid Objects; Determination of 
Quadrants : 


76. State the quadrant in which any assigned object shown 
in Figs. 427 to 486 is represented, and redraw the object in the 
diagonally opposite quadrant, showing three views. 
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77. Draw the profile view of the triangular prism shown in 
Fig. 437, which is in the third quadrant. 


Fic, 437 Fic. 438 Fic. 439 Fic. 440 


78. Draw the profile view of the square prism shown in 
Fig. 488, which is in the first quadrant. 
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79. Draw the profile view of the square pyramid shown in 
Fig. 489, which is in the first quadrant. 

80. Complete the top and front views of the object shown in 
Fig. 440, and draw a left side view. The object is in the third 
quadrant. 

81. Draw the top view of the tetrahedron shown in Fig. 441. 
Letter all corners. 

82. The hexagonal prism shown in Fig. 442 is in the first 
quadrant, its axis being perpendicular to the V plane. Draw 
the H projection of the prism. Letter all its corners. 

83. The object shown in Fig. 443 is represented in the third 
quadrant. Draw a left side view of the object. 





Fig. 441 Fig. 442 Fig. 443 


84. Find the auxiliary-codrdinate-plane-3 projection of any 
assigned object shown in Figs. 124 to 132, page 270. 


85. Draw three views of a right triangular prism with faces 
1” x 2”, 4” x 2”, and 2” x 2”, the prism to be placed in the 
third quadrant with its axis perpendicular to the V plane, and 
the 1” x 2” face parallel to the H plane. 


86. Draw three views of the prism of Problem 85 placed in 
the third quadrant with its lateral edges perpendicular to the 
H plane and the 1”’ x 2” face inclined 30° to the.V plane. 


87. A right circular cylinder, 2’” in diameter and 3” long, is 
placed in the third quadrant with its axis perpendicular to the 
H plane. Draw the H, V, and P projections of the cylinder. 


88. Draw three views of the cylinder of Problem 87 placed 
in the third quadrant with its axis perpendicular to the V plane. 
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89. Draw three views of the cylinder of Problem 87 placed 
in the third quadrant with its axis perpendicular to the P plane. 


90. Join each point in Fig. 444 to the other three points by 
straight lines. The object thus formed is a tetrahedron. Show 
the hidden edges as broken lines. 


91. Complete the V projection of the right pyramid, Fig. 445, 
of which the square ABCD is the base. 
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92. Complete the H projection of the right pyramid, Fig. 446, 
of which the square EFGK is the base. 


93. Complete the V projection of the right prism, Fig. 447, 
of which the square MNOP is one base and the point Q is one 
corner of the other base. 


94. The object shown in Fig. 448 is represented in the third 
quadrant. Draw a left side view of the object. 
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95. The partial views shown in Fig. 449 are of an object 
which has two planes of symmetry. The object is represented 
in the third quadrant. Complete both views and draw a left 
side view. 
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96. The partial views shown in Fig. 450 are of an object 
which has two planes of symmetry. The object is represented 
in the third quadrant. Complete both views and draw a left 
side view. 


97. The point A moves around the cylinder, Fig. 451, and 
upward at uniform velocities, reaching the top in two revolu- 
tions. Plot both projections of A at each 30-degree interval of 
rotation and connect each set of projections by a smooth curve. 
The space curve traversed by A is a cylindrical helix. Its H 
projection is a circle and its V projection is a sine curve. 


Articles 24 to 28. Planes and their Trace Representations 


98. Draw the H, V, and P traces of seven characteristic 
planes in the third quadrant, constituting the alphabet of a 
plane in that quadrant. 


99. Find the profile trace of any assigned plane shown in 
Figs. 158 to 177, page 272. 


100. Draw the H and V traces of the planes described below, 
each plane being limited to the third quadrant : 

(a) Plane Q, perpendicular to the H plane and inclined 30° 
to the V plane. 

(b) Plane R, perpendicular to the V plane and inclined 60° 
to the H plane. 

(c) Plane S, perpendicular to the P plane and inclined 45° to 
the H and V planes. 

(d) Plane T, parallel to the P plane. 

(e) Plane U, parallel to the V plane. 

(f) Plane W, parallel to the H plane. 

(g) Plane X, inclined to the H, V, and P planes. 


101. Draw the H and V traces of the plane R, Fig. 452. 
Extend the plane into four quadrants and show the proper 
lettering of traces. 


102. Draw the V trace of the plane S, Fig. 453. Extend the 
plane into four quadrants and show the proper lettering of 
traces. 
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103. Draw the V trace of the plane T, Fig. 454. Extend the 
plane into four quadrants and show the proper lettering of 
traces. 
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104. Draw the H trace of the plane U, Fig. 455. Extend the 
plane into four quadrants and show the proper lettering of 
traces. 


Article 29. Parallel Planes 


105. Pass a plane M parallel to any assigned plane shown in 
Figs. 158 to 177, page 272, and find the profile trace of the 
plane so passed. 


Article 30. The Auxiliary-Codrdinate-Plane-3 Trace of a Plane 


106. Find the trace of any assigned plane shown in Figs. 178 
to 197, page 273, on the auxiliary codrdinate plane indicated. 


Article 33. A Point or Line in an Inclined Plane 


107. Draw a line AB (VH where possible) inclined to at least 
two coordinate planes and in any assigned plane shown in 
Figs. 133 to 157, page 271. 


108. Assume a point O near the center and in the plane of 
any assigned triangle or quadrilateral shown in Figs. 323 to 
338, page 280. (See Article 31.) 


109. Find the missing H or V projection of the following 
lines: (a) the line VH lying in the plane S, Fig. 456; (6) the 
line AB lying in the plane T, Fig. 457; (c) the line CD lying 
in the plane U, Fig. 458; (d) the line EF lying in the plane 
W, Fig. 459. 
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110. The plane R of Fig. 460 contains the points A and B. 
Determine the V projection of A and the H projection of B. 

111. The line AB, Fig. 461, contains the point C and lies in 
the plane S. Determine the V projection of AB, the H pro- 
jection of C, and the H trace of S. 
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112. The line AB, Fig. 462, lies in the plane T. Find the 
H projection of AB and the H trace of T. 

113. The plane X, Fig. 468, contains the point D. Determine 
the V trace of X. 

114. The lines EF and MN lie in the plane of the lines AB 
and BC, Fig. 464. Find their H projections without locating 
the traces of the plane. 
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115. The line BD lies in the plane of the lines AB and BC, 
Fig. 465. Find its V projection without locating the traces of 
the plane. 
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116. The line BE lies in the plane of the lines AB and BC, 


Fig. 466. Find its V projection without locating the traces of 
the plane. 


117. The line CF lies in the plane of the lines AB and BC, 


Fig. 467. Find its V projection without locating the traces of 
the plane. 


118. The point O lies in the plane of the trapezoid ABCD, 
Fig. 468. Complete the H projection of ABCD. 


Fiac. 468 Fic. 469 Fic. 470 


119. Draw the line BO in the plane of the lines AB and BC, 
Fig. 469, without finding the traces of the plane. 


120. A line EF in the plane of the trapezoid ABCD, Fig. 470, 
is parallel to the line MN. Draw the line EF and the V pro- 
jection of ABCD. 


Article 34. H-, V-, and P- Parallels of a Plane 


121. Draw a line parallel to the H plane in any assigned 
plane shown in Figs. 133 to 157, page 271. 


122. Draw a line parallel to the V plane in any assigned plane 
shown in Figs. 183 to 157, page 271. 


123. Draw a line parallel to the P plane in any assigned plane 
shown in Figs. 183 to 157, page 271. 


124. Draw a line parallel to the H plane and a line parallel 
to the V plane, both lying in the plane of the figure and through 
a point O near the midpoint of any assigned polygon shown in 
Figs. 323 to 338, page 280. 

125. Draw the H, V, and P projections of a triangle ABC, of 
which the side AB is an H-parallel, the side BC is a V-parallel, 
and the side CA is a P-parallel. 
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126. Draw the line AB from A(0, 1, 14) to B(1g, 4, $) and 
the point C(4, 3, +). Draw (a) an H-parallel CD intersecting 
AB at the point D; (0b) a V-parallel CE intersecting AB at the 
point E; and (c) a P-parallel CF intersecting AB at the point F. 


127. Without finding the traces, but in the plane of the lines 
AB and AD, Fig. 471, draw (a) an H-parallel AM; (6) a 
V-parallel CN; (c) a P-parallel BO. 


128. Without finding the traces, but in the plane of the lines 
AB and BC, Fig. 472, draw (a) AF parallel to the H plane; 
(b) CG parallel to the V plane; and (c) CK parallel to the 








P plane. 
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129, Find the true length of the H-parallel AE contained in 
the triangle ABC, Fig. 473. 


130. Without finding the traces, but in the plane of the 
lines AB and BC, Fig. 474, draw (a) an H-parallel AD; (b) a © 
V-parallel CE; and (c) a P-parallel CF. 





Fig. 475 Fig. 476 : Fig. 477 


131. Draw the lines AM and BN parallel to the codrdinate 
plane 3 indicated and joining the lines AB and CD, Fig. 475. 
Project all four lines upon plane 3. 
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132. Draw the lines BM and CN parallel to the codrdinate 
plane 3 indicated and in the plane of the point A and the line 
BC, Fig. 476. Project the point A and the three lines upon 
plane 3. 


133. Draw the lines AD and BE parallel to the codrdinate 
plane 3 indicated and in the plane of the triangle ABC, Fig. 477. 
Project AD, BE, and the triangle ABC upon plane 3. 

Articles 35 and 36. Planes through a Line 

134. Pass a plane T through any assigned line shown in 
Figs. 55 to 79, page 267. 

Article 37. The Plane through Intersecting Lines 


135. Pass a plane through any two assigned intersecting lines 
shown in Figs. 218 to 242, page 275. 


136. Pass a plane R through the intersecting lines AC and 
BC, Fig. 478. 


137. Find the plane of the triangle ABC, Fig. 479. 
138. Find the plane of the triangle DEF, Fig. 480. 


139. Show by construction whether the point O and the line 
DE are in the plane of the lines AB and BC, Fig. 481. 
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140. Draw a 1-inch cube in the third quadrant with its faces 
parallel to the H, V, and P planes and 4”’ from each. Pass a 
plane through the intersecting solid diagonals running down 
right front and down left front. 

141. Draw the cube of Problem 140. Pass a plane through 
the down left diagonal of the front face and the down rear 
diagonal of the right face. What third face diagonal is cut 
from the cube by the plane? 
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142. A 1-inch cube in the third quadrant has two faces parallel 
to the H plane. Two faces of the cube are inclined 30° and two 
are inclined 60° to the V plane. One corner of the cube is 3” 
from the H and V planes. Draw two traces of each of the 
six planes, Q, R, S, T, U, and W, that contain the faces of 


the cube. 


143. A right pyramid in the third quadrant, with its axis 1’ 
long and perpendicular to the H plane, has a base which is 
1’’ square, with all its sides inclined 45° to the V plane. The 
apex is 4” from the H plane and 1” from the V plane. Find the 
plane of the left front face. 


144. Find the plane of the right rear face of the pyramid of 
Problem 143. 


145. Draw a 1-inch cube in the first quadrant with one face 
parallel to the V plane and 3” from it, and with four faces 
inclined 45° to the H plane, the nearest edge being 3’ from the 
H plane. Pass a plane through the upper left rear edge and 
the solid diagonal running down toward the front. 


146. Pass a plane through any assigned plane figure shown . 
in Figs. 323 to 338, page 280. 


Article 38. The Plane through Two Parallel Lines 
147. Draw a line OM through the given point O and parallel . 
to the given line in any assigned set shown in Figs. 198 to 217, 
page 274, and then pass a plane through the two parallel lines. 
148. Pass a plane through the two parallel lines AB and CD, 
Fig. 482. 


149. Pass a plane through the two parallel lines EF and GJ, 
Fig. 483. 


150. Pass a plane through the two parallel lines KL and MN, 
Fig. 484. 


151. Pass a plane through the two parallel lines OP and QR, 
_ Fig. 485. 


152. Pass a plane through the two parallel lines AB and CD, 
Fig. 486. 
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153. Pass a plane through the two parallel lines EF and GJ, 
Fig. 487. 


154. Pass a plane through the two parallel lines KL and MN, 
Fig. 488. 
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155. Pass a plane through the two parallel lines OP and QR, 
Fig. 489. 


Article 39. The Plane through a Point and a Line 


156. Pass a plane through the point O and the given line in 
any assigned set shown in Figs. 198 to 217, page 274. 


157. Pass a plane through the point O and the line AB, 
Fig. 490. 
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158. Pass a plane through the point O and the line CD, 
Fig. 491. 
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159. Pass a plane through the point O and the line EF, 
Fig. 492. 


160. Pass a plane Q through the triangle ABC, Fig. 493; a 
plane R through the point O and the line AB; a planeS through 
the point O and the line BC; and a plane T through the point 
O and the line CA. What geometrical figure is inclosed by the 
planes Q, R, S, and T? 


Article 40. The Plane through Three Points 


161. Pass a plane R through the three points A, B, and C, 
Fig. 494. 


162. Pass a plane S through the three points E, F, and G, 
Fig. 495. 
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163. Pass a plane T through the three points K, M, and N, 
Fig. 496. 


164. Pass a plane X through the three points O, P, and Q, 
Fig. 497. . 


165. Pass a plane R through the three points A, B, and C, 
Fig. 498. 
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166. Pass a plane S through the three points D, E, and F, 
Fig. 499. 


167. Pass a plane T through the three points M, N, and O, 
Fig. 500. 
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168. Draw a 1-inch cube in the first quadrant with its faces 
parallel to the H, V, and P planes, the nearest faces being 3’ 
from the planes. Pass a plane R through the upper left front 
corner, the lower left rear corner, and the midpoint of the right 


rear vertical edge. 


169. Draw a 1-inch cube in the third quadrant with one face 
3’ from the H plane, the vertical faces inclined 45° to the V 
plane, and one edge 4” from the V plane. Passa plane S through 
the upper front corner, the upper right corner, and the lower 
left corner. 


170. Draw the cube of Problem 169. Pass a plane T through 
the upper left, the upper right, and the lower rear corners. 


171. The points A, B, and C, Fig. 501, are on the outcrop of 
an ore vein. Find the plane and the strike of the vein. (The 
“strike” of a vein is the direction of a horizontal line in the 
plane of the vein). 
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172. Vertical holes drilled in a level field at the points D, E, 
and F meet a vein of ore at the depths indicated in Fig. 502. 
Find the plane and the strike of the vein. Scale: 1’ = 400 feet. 
(For definition of ‘‘strike,’’ see Problem 171). 

173. Test holes are drilled in a level field at the points M, 
N, and O, and meet a vein of ore at the depths indicated in 
Fig. 503. Find the plane of the vein. At what depth would a 
hole drilled at the point P meet the vein? Scale: 1’’ = 400 feet. 

174. Find the plane of the ellipse whose center is the point 
C, Fig. 504. 

175. Find the plane of the ellipse whose center is the point 
D, Fig. 505. 
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176. Find the plane of the ellipse whose center is the point O, 
Fig. 506. 


177. Find the plane that contains the curve of Fig. 507. 
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Article 41. A Plane through a Point and Parallel to a Line 


178. Pass a plane through the given point O and parallel to 
the given line in any assigned set shown in Figs. 198 to 217, 
page 274. 


179. Pass a plane through the given point O and parallel to 
the given line AB, Fig. 508. 
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180. Pass a plane through the given point O and parallel 
to the given line CD, Fig. 509. 


181. Pass a plane through the given point O and parallel 
to the given line EF, Fig. 510. 


182. Pass a plane through the given point O and parallel to 
the given line MN, Fig. 511. 


183. Through the given point O, Fig. 512, draw a line OM 
parallel to the given plane R. 


184. Through the given point O, Fig. 513, draw a line OM 
parallel to the given plane S. 


185. Through the given point O, Fig. 514, draw a line OM 
parallel to the given plane T. 
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186. Through the given point O, Fig. 515, draw a line OM 
parallel to the given plane X. 
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187. The line AB, Fig. 516, is parallel to the given plane R. 
Find the V trace of R. 


188. The line CD, Fig. 517, is parallel to the given plane S. 
Find the H trace of S. 


189. The line EF, Fig. 518, is parallel to the given plane T. 
Find the H trace of T. 
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190. Draw a line OM in the given plane X, Fig. 519, and 
parallel to the P plane. 


191. The line AB, Fig. 520, is parallel to the given plane R. 
Find the V trace of R. How many solutions are there? 
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192. The line CD, Fig. 521, is parallel to the given plane S. 
Find the H trace of S. How many solutions are there? 
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193. The line EF, Fig. 522, is parallel to the given plane T. 
Find the V trace of T. How many solutions are there? 

194. The line MN, Fig. 528, is parallel to the given plane X. 
Find the V projection of MN. How many solutions are there? 


Article 42. The Plane through One Line and Parallel to Another 

Line 

195. Pass a plane through the line AB and parallel to the 
second given line in any assigned set shown in Figs. 248 to 262, 
page 276. 

196. Pass a plane R through the line AB, Fig. 524, and 
parallel to the horizontal ground line. 

197. Pass a plane S through the horizontal ground line and 
parallel to the given line AB, Fig. 524. 

198. Pass a plane T through the line AB, Fig. 525, and 
parallel to the given line CD. 





aa d' 
Cc} d 
bbe 
Fig. 524 Fig. 525 Fig. 526 FIG. 527 


199. Pass a plane U through the line AB, Fig. 526, and par- 
allel to the given line EF. 

200. Pass a plane X through the line AB, Fig. 527, and 
parallel to the given line MN. 

201. Pass a plane R through the line AB, Fig. 528, and par- 
allel to the given line CD. 

202. Pass a plane S through the line AB, Fig. 529, and parallel 
to the given line EF. 

208. Pass a plane T through the line AB, Fig. 530, and 
parallel to the given line MN. 


204. Pass a plane X through the line AB, Fig. 531, and par- 
allel to the given line OP. 
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205. Pass a plane R through the line AB, Fig. 532, and 
parallel to the given line CD. 


206. Pass a plane S through the line AB, Fig. 533, and par- 
allel to the given line EF. 
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207. Pass a plane T through the line AB, Fig. 534, and parallel 
to the given line MN. 


208. Pass a plane X through the line AB, Fig. 535, and 
parallel to the given line OP. 
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Article 43. The Plane through a Point and Parallel to Two Lines 


209. Select a point O approximately 1” to the right of the 
point B (full scale) and as far from the H and V planes as point 
B is, and pass a plane through O parallel to the two given lines 
in any assigned set shown in Figs. 248 to 262, page 276. 


210. Pass a plane R through the point O and parallel to the 
lines AB and CD, Fig. 536. 

211. Pass a plane S through the point O and parallel to 
the lines EF and FG, Fig. 5387. 

212. Pass a plane T through the point O and parallel to the 
lines MN and MP, Fig. 538. 
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213. Pass a plane R through the point P and parallel to 
the lines AB and AC, Fig. 589. 


214. Pass a plane S through the point P and parallel to the 
lines DE and FG, Fig. 540. 
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215. Pass a plane T through the point P and parallel to . 
the lines MN and OQ, Fig. 541. 
Article 44. The Plane through a Point and Parallel to a Plane 


216. Pass a plane through the given point O and parallel to — 


the given plane in any assigned set shown in Figs. 263 to 282, 
page 277. 


217. Passa V projecting plane R through the line AB, Fig. 542. 
Pass a plane S through the point O and parallel to the plane R. 
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218. Pass a plane S through the point O, Fig. 548, and equi- 
distant from the points A, B, and C. 


PROBLEMS dll 


219. Pass a plane T through the point O, Fig. 544, and 
equidistant from the lines DE and FG. 


Article 45. Lines Perpendicular to Planes 


220. Draw a line OM through the given point O and perpen- 
dicular to the given plane in any assigned set shown in Figs. 263 
to 282, page 277. 

221. The line AB, Fig. 545, is perpendicular to the plane T. 
Draw -the V projection of AB and the H trace of T. 


222. The line CD, Fig. 546, is contained in the plane R, is 
parallel to the plane S, and perpendicular to the plane T. Find 
the H traces of R, 8, and T, and the V projection of CD. 
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223. Draw a line AK perpendicular to the plane of the tri- 
angle ABC, Fig. 547. 

224. Draw a line EM, of any length, perpendicular to the 
plane of the triangle EFG, Fig. 548. Draw lines FN and GO 
parallel to and equal in length to the line EM. Connect the 
six points in the proper order to form the triangular prism 
EFG-MNO. 


Article 47. A Plane through a Point and Perpendicular to a Plane 


225. Pass a plane M through the given point O and perpen- 
dicular to the given plane in any assigned set shown in Figs. 263 
to 282, page 277. 

226. Set up an auxiliary codrdinate plane 3 through the 
given point O and perpendicular to the given plane in any as- 
signed set shown in Figs. 263 to 282, page 277, and then find 
the auxiliary trace of the given plane. 
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Article 48. A Plane through a Line and Perpendicular to a Plane 
227. Pass a plane M through the given line and perpendicular 
to the given plane in any assigned set shown in Figs. 283 to 
302, page 278. 
228. Pass a plane R through the point O, Fig. 549, parallel 
to the line AB and perpendicular to the plane S. 
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229. Pass a plane R through the point O taken midway be- 
tween the points M and N, Fig. 550, parallel to the line CD 
and perpendicular to the plane T. 


230. Pass a plane R through the line EF, Fig. 551, and per- 
pendicular to the plane of the triangle MNO. 


Article 49. A Plane through a Point and Perpendicular to Two 
Planes 


231. Pass a plane M through any chosen point A and per- 
pendicular to the two given planes in any assigned set shown in 
Figs. 303 to 322, page 279. 
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232. Pass a plane N through the given point O and perpen- 
dicular to the two given planes in any assigned set shown in 
Figs. 552 to 563. 
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233. How must a plane be passed so that it will cut, from 
two given planes, lines which measure the dihedral angle be- 
tween the given planes? 


Article 50. A Plane through a Point and Perpendicular to a Line 

234. Pass a plane R through the given point O and perpen- 
dicular to the given line in any assigned set shown in Figs. 198 
to 217, page 274. 

235. Find the locus of a point M equidistant from the given 
points A and B, Fig. 564. 

236. Find the locus of a point M equidistant from the given 
points C and D, Fig. 565. 
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237. Find the locus of a point M equidistant from the given 
points E and F, Fig. 566. 

238. The point M is equidistant from the given points N 
and O, Fig. 567. Find the H projection of M. 

239. The line AV, Fig. 568, is the base of an isosceles tri- 
angle ABV. Find the locus of the vertex, B. 

240. The line CE, Fig. 569, is the base of an isosceles triangle 
CDE, whose vertex, D, is in the H plane. Find the locus of D. 

241. The line FG, Fig. 570, is the base of an isosceles tri- 
angle FKG, whose vertex, K, is in the ground line. Draw the 
triangle FKG. 
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242. The line MN, Fig. 571, is the base of an isosceles tri- 
angle MON, whose vertex, O, is in the ground line. Draw the 
triangle MON. 


243. The angle ABC, Fig. 572, is a right angle. Find the H 
projection of the line BC. 


244. The line CD, in the plane R, Fig. 573, is the base of an 
isosceles triangle CDE. Construct the triangle. 
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245. Draw a line FG that is parallel to the plane S, Fig. 574, 
and perpendicular to the line EF. 
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246. The line MN, Fig. 575, is the base of an isosceles triangle 
MON, of which the vertex, O, lies in the line GH. Construct 
the triangle MON. 


Article 51. The Line of Intersection of Two Planes 


247. Find the line of intersection of the two given planes in 
any assigned set shown in Figs. 303 to 322, page 279. 

248. Find the locus of a point A which lies in the plane R, 
Fig. 576, and is 1”’ above the H plane. 


249. The planes S and T, Fig. 577, intersect in the line AB. 
Find the missing projection and traces. 
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250. The planes U and W, Fig. 578, intersect in the line CD. 
Find the missing projection and traces. 


251. The planes X and Z, Fig. 579, intersect in the line EF. 
Locate the missing projection and traces. 


252. Find the locus of a point O that is equidistant from the 
points A and B, Fig. 580, and in the plane R. 
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953. Find the locus of a point O that is equidistant from 
the points C and D, Fig. 581, and in the plane S. 
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254. Find the locus of a point O that is equidistant from the 
points E and F, Fig. 582, and in the plane T. 


255. Find the plane T that is perpendicular to the planes R 
and S, Fig. 583, and equidistant from the points M and N. 


256. Draw the line BO perpendicular to the line AB and 
parallel to the plane R, Fig. 584. 


257. Draw the line DO perpendicular to the line CD and par- 
allel to the plane S, Fig. 585. 
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258. Draw the line FO perpendicular to the line EF and 
parallel to the plane T, Fig. 586. 


259. Draw the line NO perpendicular to the line MN and. 
parallel to the plane U, Fig. 587. 


Article 52. The Point in which a Line Pierces a Plane 


260. Find the point P in which the given line pierces the 
given plane in any assigned set shown in Figs. 288 to 302, 
page 278. Use the projecting-plane method. 


261. Find the point P in which the given line pierces the 
given plane in any assigned set shown in Figs. 288 to 302, 
page 278. Use the auxiliary-codrdinate-plane method. 


262. Find the point P in which the given line pierces the plane 
of the given polygon in any assigned set shown in Figs. 339 
to 354, page 281, without finding the traces of the plane. 


263. Find the point P, in the line AB, that is equidistant 
from the points C and D, Fig. 588. 


264. Find the point P, in the line AB, that is equidistant 
from the points E and F, Fig. 589. 
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265. Find the point P, in the line AB, equidistant from the 
points G and K, Fig. 590. 


266. Find the point P, in the line AB, equidistant from 
the points M and N, Fig. 591. 
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267. Draw the right triangle ABC whose vertex, B, is in the 
line DE, Fig. 592, with the right angle at the point A. 


268. Draw the right triangle ABC whose vertex, B, is in the 
line FG, Fig. 593, with the right angle at the point C. 


269. Draw the isosceles triangle ABC whose base is the line 
AB, Fig. 594, and whose vertex, C, is in the line MN. 
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270. Draw the isosceles triangle BCD whose base, BD, is in 
the line AB, Fig. 595, and whose vertex is the point C. 

271. Locate the point M that is equidistant from the points 
A and B, Fig. 596, and in the planes R and 8. 

272. Locate the point M that is equidistant from the points C 
and D, Fig. 597, and in the planes T and U. 

273. Locate the point M that is equidistant from the points 
E and F, Fig. 598, and in the planes X and Z. 

274. Locate the point M that is equidistant from the points 
A, B, and C, Fig. 599, and in the plane R. 


318 DESCRIPTIVE GEOMETRY 


275. Find the point P in which the line of intersection of the 
planes R and S, Fig. 600, pierces the plane T. 


age vy \# .e'|* Le a e 


oe | 7 y Pees 
R/'Se= TU d ly f 7, pe . 'R 
! ' V7 eigeare S a ve 
FE BB Y aes jet 
a *c b we le fh $c 
Fic. 596 Fig. 597 Fic. 598 Fig. 599 


276. Find the point P in which the line MN, Fig. 601, pierces 
the plane of the triangle ABC. Do not draw the traces of the 
plane of the triangle. 
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277. Find the point P in which the line MN, Fig. 602, pierces 
the plane of the triangle EFG. Do not draw the traces of the 
plane of the triangle. 


278. Find the point P in which the line MN, Fig. 603, pierces 


the plane of the lines AB and BC. Do not draw the traces 
of the plane of AB and BC. 


Article 53. The Projection of a Line upon an Oblique Plane 


279. Find the projection of the given line upon the given 
plane in any assigned set shown in Figs. 283 to 302, page 278. 
Use the projecting-plane method. 


280. Find the projection of the given line upon the given 
plane in any assigned set shown in Figs. 283 to 302, page 278. 
Use the auxiliary-codrdinate-plane method. 
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281. Find the projection of the given line upon the plane of 


the given polygon in any assigned set shown in Figs. 339 to 
354, page 281. 


Article 54. The Revolution of an Oblique Plane 


282. Pass any plane not an H or V projecting plane through 
any assigned line shown in Figs. 55 to 79, page 267, and then 
revolve the plane about one of its traces into the corresponding 
coordinate plane, and show the given line in its revolved posi- 
tion. Mark this the true length (T. L.) of the line. 


283. Pass a plane through any assigned polygon shown in 
Figs. 323 to 338, page 280, and then revolve the plane about 
one of its traces into the corresponding codrdinate plane, and 
show the polygon in its revolved position. Mark this the true 
size (T.S.) of the polygon. 


Article 55. The Counter-revolution of an Oblique Plane; Con- 
struction of Plane Geometrical Figures 


284. The point C, Fig. 604, is the center of a circle x”’ in 
diameter in the plane R. Draw the projections of the circle. 


285. The point b,, Fig. 605, is the revolved position of the 
vertex of an isosceles triangle ABC in the plane S. The base, 
AC, is parallel to the H plane and equal in length to the altitude 
of the triangle, which is x’’ long. Draw the projections of one of 
the four possible triangles. 
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286. The point b,, Fig. 605, is the revolved position of one 
corner of a square ABCD in the plane S. The square is %’”” on 
a side, with two sides parallel to the V plane. Draw the pro- 
jections of one of the eight possible squares. 
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287. The point b,, Fig. 605, is the revolved position of the 
center of a square in the plane S. The square is x’ on a side, 
with one diagonal parallel to the V plane. Draw the projections 
of one of the two possible squares. 

288. The point M, in the plane T, Fig. 606, falls at m, when 
T is revolved into the H plane about tt as an axis. Find the 
H and V projections of M. 

289. Counter-revolve the triangle ABC, Fig. 607, about the 
V trace, Uw’, of the plane U until the side Uu, is in the H plane. 


Articles 57 to 60. The Auxiliary-Codrdinate-Plane-4 Projection 
of a Point or a Line 

290. Project any assigned point shown in Figs. 16 to 30, 
page 265, upon an auxiliary codrdinate plane 4 set up with its 
ground line, 3-4, in any chosen position with respect to the 
plane-8 projection ‘of the given point. 

291. Project any assigned line shown in Figs. 80 to 108, 
page 268, upon an auxiliary codrdinate plane 4 set up with its 
ground line, 3-4, inclined at any angle to the plane-3 projection 
of the given line. 

292. The line AB, Fig. 608, lies in the third quadrant and to 
the left of plane 3. Find the H and V projections of the line. 
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293. The line CD, Fig. 609, lies in the first quadrant, with the 
point C to the left of plane 3. Find the H and V projections 
or CD, 

294. The line EF, Fig. 610, lies in the third quadrant and to 
the left of plane 3. Find its H, V, and plane-3 projections. 

295. Complete the plane-4 projection and find the H and V 
projections of the line MN, Fig. 611. 
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Article 61. The Auxiliary Codrdinate Plane Perpendicular to a 
Line 
296. Find the projections of any assigned line shown in 
Figs. 55 to 79, page 267, upon an auxiliary codrdinate plane 
set up perpendicular to the given line. 


297. Project any assigned plane surface shown in Figs. 323 
to 338, page 280, upon an auxiliary codrdinate plane set up 
perpendicular to any chosen line in the surface. This gives the 
straight-line projection, or edgewise view, of the surface. 


Article 62. The Auxiliary Codrdinate Plane Parallel to the Plane 
of Two Lines 


298. Project any assigned set of intersecting lines shown in 
Figs. 218 to 242, page 275, upon an auxiliary codrdinate plane 
set up parallel to the plane of the two given lines. 


299. Project (find the true size of) any assigned plane sur- 
face shown in Figs. 323 to 338, page 280, upon an auxiliary 
coérdinate plane set up parallel to the plane of the given surface. 


Article 63. The True Length of a Line 

300. Find the true length of any assigned line shown in Figs. 55, 
57, 60, 61, 62, 63, 67, 68, 69, 70, 71, 76, 78, 79, page 267, by the 
method of (a) revolving the line about a projector of one of its 
ends, and (b) revolving the line about one of its projections. 


Article 64. The Shortest Distance from a Point to a Plane 

301. Find the shortest distance from the given point O to the 
given plane in any assigned set shown in Figs. 263 to 282, 
page 277. 

302. Find the shortest distance from an assumed point O to 
any assigned plane surface shown in Figs. 323 to 338, page 280, 
by using.an auxiliary coérdinate plane, and without drawing 
the traces of the plane of the given surface. 

303. What is the size of a cube which has one corner at the 
point A, Fig. 612, and one face in the plane R? 
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304. What is the altitude of an oblique pyramid which has 
its apex at the point B, Fig. 618, and its base in the plane S? 


305. A sphere whose center is at the point C, Fig. 614, is 
tangent to the plane T. Find the radius of the sphere and its 
point of tangency with the plane. 
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306. The point D, Fig. 615, is the apex of a right circular cone 
whose base lies in the plane U. Find the altitude of the cone 
and the center, C, of the base of the cone. 


307. The point O is in the plane R, Fig. 616. Draw a line 
OM perpendicular to R and 1” long. 


308. Determine the point B which is as far from the plane 8, 
Fig. 617, as the point A and in the same line perpendicular to 
plane S. 
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309. Assuming the plane T, Fig. 618, to be a mirror, find the 
image of the point O in the mirror. 


310. A ray of light passes through the point A, Fig. 619, re- 
flects from the plane mirror U at a point O, and passes through 
the point B. Locate the point O. 
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Article 65. The Shortest Distance between Two Parallel Planes 


311. Find the shortest distance between the two parallel 
planes Q and R, Fig. 620. 


312. Find the shortest distance between the two parallel planes 
S and T, Fig. 621. 
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313. Find the shortest distance between the two parallel 
planes U and W, Fig. 622. 


$14. Find the shortest distance between the two parallel planes 
X and Z, Fig. 623. 


315. The planes Q and R, Fig. 624, are parallel and a distance 
d apart. Find their V traces. 


316. Find the distance between the parallel planes R and §, 
Fig. 625. 
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317. The planes S and T, Fig. 626, are parallel and a distance 
dapart. Find the H trace of S and the V trace of T. 


318. The planes U and W, Fig. 627, are a distance d apart. 
Find the H and V traces of the two planes. 


319. An oblique pyramid of 1-inch altitude has a square base 
in the’ plane R, Fig. 628, with the center at C. Draw the locus 
of the apex of the pyramid. 
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320. A 1-inch cube has one face in the plane S, Fig. 629. Find 
the plane Q which contains the opposite face. 


321. A sphere of 1-inch radius is tangent to the plane T, 
Fig. 630. Find the locus of the center of the sphere. 
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322. The point O is 1” from the plane U, Fig. 681. Find 
the V projection of the point. 


Article 66. The Shortest Line from a Point to a Line 


323. Find the projections and true length of the shortest 
line from the given point O to the given line in any assigned 
set shown in Figs. 198 to 217, page 274. Use the auxiliary- 
coordinate-plane method to check the oblique-plane result, 
and vice versa. 


324. Locate the point D in the line AB, Fig. 632, so that the 
triangle BCD will have a right angle at D. 


325. Find the center, C, and the radius of motion if the point 
A is revolved about the line EF, Fig. 633. 
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326. Find the radius, CD, of a circle tangent to the line GK, 
Fig. 634, with its center at the point C. 


327. The point O, Fig. 635, is 2’ from the line MN. Find 
the V projection of O. : 
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Article 67. The Shortest Distance between Two Parallel Lines 


328. Find the shortest distance between the two parallel 
lines AB and CD, Fig. 636. 


329. Find the shortest distance between the two parallel lines 
AB and EF, Fig. 637. 
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330. Find the shortest distance between the two parallel 
lines AB and GK, Fig. 688. 

331. Find the shortest distance between the two parallel lines 
AB and MN, Fig. 639. 

332. The lines AB and CD, Fig. 640, are parallel and a dis- 
tance d apart. Find the H projection of CD. 

333. The lines AB and EF, Fig. 641, are parallel, of equal 
length, and a distance d apart. Find the H projection of AB 
and the V projection of EF. 
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334. The lines AB and GK, Fig. 642, are parallel and a dis- 
tance d apart. Find the V projection of GK. 

335. The line MN, Fig. 643, is in the second quadrant and as 
far from the line AB as AB is from the horizontal ground line. 
Find the H projection of MN. 
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Articles 68 and 69. The Angle between Two Intersecting Lines, 
and its Bisector 


336. Find the true size of the angle X between any two as- 
signed intersecting lines shown in Figs. 218 to 242, page 21). 
Use the auxiliary-codrdinate-plane method to check the oblique- 
plane result, and vice versa. 


337. Find the projections of the bisector of the angle X be- 
tween any two assigned intersecting lines shown in Figs. 218 
to 242, page 275. 


338. Locate the center, C, of the circle that may be inscribed 
in any assigned triangle shown in Figs. 323 to 331, page 280. 


Article 70. A Line through a Point making a Specified Angle 
with a Line 


339. Draw a line OM through the given point O and making a 
specified angle X with the given line in any assigned set shown 
in Figs. 198 to 217, page 274. Use the auxillary-codrdinate- 
plane method to check the oblique-plane result, and vice versa. 


Article 71. The Angle between a Line and a Plane 


340. Find the acute angle X between the given line and 
the given plane in any assigned set shown in Figs. 2838 to 302, 
page 278. 

DEFINITION. The angle of incidence of a ray of light striking a 
plane mirror is the angle between the ray and the normal to the mir- 
ror at the point of incidence. The angle of reflection equals the angle 
of incidence, and is defined as the angle between the normal and 
the reflected ray. (See Problems 341 to 348.) 


341. The line AB, Fig. 644, represents a ray of light. Find 


its path after being reflected from the H plane. Find the angle 
of incidence. 


342. The line CD, Fig. 645, represents a ray of light. Find 
its path after being reflected from the V plane. Find the angle 
of incidence. 


343. Find the path of the ray of light EF, Fig. 646, after being 


reflected from both the H and the V planes in order. Find both 
angles of incidence. 
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344. Find the path of the ray of light MN, Fig. 647, after 
being reflected from the H, P, and V planes in order. Find all 
three angles of incidence. 
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345. Find the path of the ray of light AB, Fig. 648, after it is 
reflected by the plane mirror S. Find the angle of incidence. 


346. Find the point B in the V plane at which a ray of light 


through the point A, Fig. 649, is reflected by the plane to pass 
through the point C. 


347. Find the point D in the H plane at which a ray of light 


through the point C, Fig. 650, is reflected by the plane to 
pass through the point E. 
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348. Find the traces of a plane mirror T passed through the 


point N, Fig. 651, in such a way that the ray of light MN 
reflects along the path NO. 


Articles 72 and 73. The Angle between Two Intersecting Planes, 
and its Plane-Bisector 


349. Find the acute angle X between the two given planes in 
any assigned set shown in Figs. 303 to 322, page 279. 


350. Find the plane bisector of either angle between the 
two given planes in any assigned set shown in Figs. 303 to 322, 
page 279. 
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351. Find the locus of a point equidistant from the planes 
Q and R, Fig. 652. 


352. Locate the point C, in the line AB, Fig. 653, that is the 
center of a sphere tangent to the planes S and T. 
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353. Draw a sphere tangent to the plane U and to the H 
plane, Fig. 654, and having its center in the line CD. 

354. A sphere whose center is in the line EF, Fig. 655, is 
tangent to the plane W and to the H plane. Locate the center 
of the sphere. 


Article 74. A Plane through a Line and making a Specified ae 
with a Given Plane 
355. Assume a line in any assigned plane shown in Figs. 133 
to 157,.page 271, and through this line pass a plane which 
makes any specified angle X with the given plane. 


Articles 75 and 76. The Angles 0, %, and II of a Line 
356. Find the angles 0, ®, and II for any conan line shown 
in Figs. 55 to 79, page 267. 
Article 77. The Perpendicular Line between Two Non-Parallel, 
Non-Intersecting Lines 


357. Find the true length of the common perpendicular be- 
tween the two given lines in any assigned set shown in Figs. 248 
to 262, page 276, by use of auxiliary codrdinate planes. 


Articles 78 and 79. The Construction of Right Pyramids and 
Cones 


358. Draw a right square pyramid with its apex at the given 
point O and its base, with sides equal in length to the altitude 
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of the pyramid, lying in the given plane in any assigned set 
shown in Figs. 268 to 282, page 277. Use the oblique-plane 
method. 


359. Draw a right circular cone with its apex at the given 
point O and its base, with diameter equal to the altitude of the 
cone, lying in the given plane in any assigned set shown in 
Figs. 263 to 282, page 277. Use the auxiliary-codrdinate-plane 
method. 


360. Draw a pyramid with any assigned triangle shown in 
Figs. 323 to 331, page 280, as the base, and with an altitude, 
of any chosen length, perpendicular to the base at the center 
of the circle inscribed in the triangle. 


361. The point A, Fig. 656, is the apex of a right square 
pyramid whose base lies in the plane R. A diagonal of the base 
is parallel to the H plane, and the sides of the base are equal in 
length to the altitude of the pyramid. Draw the projections of 
the pyramid. 


' 
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362. The line AB, Fig. 657, is one diagonal of a square con- 
tained in the plane S. Construct a right pyramid with the 
square as its base and its altitude equal to AB. 

363. The point C, Fig. 658, is the center of the base of a right 
circular cone. The circular base is in the plane T. Draw the 
projections of the cone with the altitude and diameter of base 
14” in length. 


Article 80. The Construction of Right Prisms and Cylinders 


364. Construct a right prism of any convenient altitude with 
any assigned polygon shown in Figs. 323 to 338, page 280, as 
the base. Use the auxiliary-codrdinate-plane method of solution. 
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Articles 81 and 82. Tangents and Normals to Plane Curves 


365. Draw a line AB and a line CD tangent and normal, 
respectively, at any point O, to a circle or an ellipse drawn in 
any assigned plane shown in Figs. 133 to 157, page 271. 


Articles 83 to 91. The Construction of the Fundamental Elements 
of Surfaces 


366. Given the oblique cone A, Fig. 659, locate (a) an ele- 
ment AN on the upper back portion of the cone; (b) a point 
E on the lower front portion of the cone; (c) a point F on the 
back portion of the base; and (d) the plane R of the base. 


367. Extend the cone A, Fig. 659, until it intersects the 
horizontal plane, and show the H and V projections of this new 
base. Find the true size of the given base. 
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368. Given the prolate ellipsoid of revolution whose axis is 
AB, Fig. 660, locate (a) a point D on the upper back portion 
of the ellipsoid, and (6) a point E on the lower front portion of 
the ellipsoid. 


369. Given the oblique cylinder whose axis is AB, Fig. 661, 
locate (a) an element MN on the lower front portion of the 
cylinder ; (6) a point D on the upper back portion of the cylinder : 
(c) a point E on the base; and (d) the plane R of the base. 


370. Extend the cylinder whose axis is AB, Fig. 661, to the 
H plane and show the H and V projections of this new base. 
Find the true size of the given base. : 


PROBLEMS 331 


Articles 92 and 93. The Line of Intersection of Two Plane Polygons 


371. Find the line of intersection, MN, of the two given poly- 
gons in any assigned set shown in Figs. 662 to 667. Consider 
the polygons opaque and show all invisible portions by broken 
lines. 
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Articles 95 to 98. The Line of Intersection of a Plane and a Curved 
Surface 
372. Find the line of intersection of the given plane and the 
given curved surface in any assigned set shown in Figs. 355 to 
366, page 282. Show the invisible portions of the intersection 
by a broken line. 


Articles 99 to 102. The Line of Intersection of Two Curved 
Surfaces 
373. Find the line of intersection of the two given curved 
surfaces in any assigned set shown in Figs. 367 to 375, page 283. 
Show invisible portions of the intersection by the usual broken 
line. 
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Articles 103 to 106. The Development (Pattern) of a Cone 
374. Develop any assigned cone shown in Figs. 668 to 675. 
Begin on the most convenient element. 
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375. Develop the half pattern, as determined by a plane of 
symmetry, of any assigned truncated cone shown in Figs. 676 
to 679. 
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376. Develop a fourth or a half pattern, as determined by 


planes of symmetry, of any assigned transition piece shown in 
Figs. 680 to 685. 
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Article 107. The Development (Pattern) of a Cylinder 


377. Develop the half pattern, as determined by a plane of 
symmetry, of any assigned cylinder shown in Figs. 686 to 697. 
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Article 111. A Line making Specified Angles 0, %, or II with 
Two of the Codrdinate Planes 
378. Draw a line through any assigned point shown in Figs. 1 
to 15, page 265, so that any two of its codrdinate angles 0, ®, 
and II shall have specified values. 
Article 112. A Line in a Given Plane and making a Specified 
Angle with One of the Coérdinate Planes 
379. Draw a line in any assigned plane’ shown in. Figs. 133 
to 157, page 271, making a specified angle 0, , or II with one 
of the codrdinate planes, 
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Article 113. The Codrdinate Angles ©, ®, and II of a Given 
Plane 


380. Find the angle that any assigned plane shown in Figs. 133 
to 157, page 271, makes with each coordinate plane, that is, the 
angles 0, ®, and II. 


Article 115. A Plane through a Given Point, making a Specified 
Angle 0, ®, or II with the Corresponding Coordinate Plane 


381. Pass a plane through any assigned point shown in Figs. 1 
to 15, page 265, so that any one of its codrdinate angles 0, ®, or 
II shall have a specified value. 


Article 116. A Plane through a Given Point, making Specified 
Angles ©, %, or II with Two of the Codrdinate Planes 


382. Pass a plane through any assigned point shown in Figs. 1 
to 15, page 265, so that any two of its codrdinate angles 0, ®, 
and II shall have specified values. 


Article 117. A Plane through a Given Line and making a Speci- 
fied Angle 0, %, or II with the Corresponding Codérdinate Plane 
383. Pass a plane through any assigned line shown in Figs. 55 
to 79, page 267, so that any one of its codrdinate angles 0, ®, 
or II shall have a specified value. 
384. The line AB, Fig. 698, is one side of a square ABCD 
whose plane is inclined 60° to the V plane. Draw the projec- 
tions of any one of the four possible squares. 
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385. The point M, Fig. 699, is in the plane of the quadri- 
lateral ABCD, which is inclined 60° to the H plane. Find the 
V projection of ABCD. 
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386. The point N, Fig. 700, is in the plane of the triangle 
ABC, which is inclined 60° to the V plane. Find the V projection 
of ABC. 


387. The point O, Fig. 701, is in the plane of the quadrilateral 
ABCD, which is inclined 45° to the P plane. Find the V pro- 
jection of ABCD. 


Articles 118 and 119. The Plane Tangent to a Cone ora Cylinder 
through a Point on Either Surface 


388. Pass a plane tangent to any assigned cone or cylinder 
shown in Figs. 702 to 719 and through the point O on the 
surface. 
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Article 120. A Plane Tangent to a Cone or a Cylinder through a 
Point outside Either Surface 
389. Pass a plane tangent to any assigned cone or cylinder 
shown in Figs. 702 to 719 and through the point P outside the 
surface. 
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Article 121. A Plane Tangent to a Cone and Parallel to a Line 


390. Pass a plane tangent to any assigned cone shown in 
Figs. 702 to 710 and parallel to the given line MN. 


Article 122. A Plane Tangent to a Cylinder and Parallel to a Line 


391. Pass a plane tangent to any assigned cylinder shown in 
Figs. 711 to 719 and parallel to the given line MN. ~ 
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Article 125. A Plane Tangent to a Surface of Revolution through 
a Point on the Surface 
392. Pass a plane tangent to any assigned surface of revolu- 
tion shown in Figs. 720 to 726 and through the point O on the 
surface. 


Articles 126 and 127. A Plane Tangent to a Surface of Revolution 
through a Point outside the Surface 


393. Pass a plane tangent to any assigned surface of revolu- 
tion shown in Figs. 720 to 726 and through the given point P 
outside the surface. 
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Article 128. A Line or a Plane making a Specified Angle with a 
Given Plane 


394. Draw a line OM through the given point O and making 
a specified angle X with the given plane in any assigned set 
shown in Figs. 263 to 282, page 277. 


395. Draw a line OM through any assumed point O and 
making a specified angle X with any assigned polygon shown 
in Figs. 323 to 338, page 280. 

396. Pass a plane through the given point O and making a 
specified angle X with the given plane in any assigned set 
shown in Figs. 263 to 282, page 277. 
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397. Pass a plane through any assumed point O and making a 
specified angle X with any assigned polygon shown in Figs. 323 
to 338, page 280. 


Articles 130 to 185. Isometric Projection or Drawing 


398. Make an isometric drawing of any assigned object shown 
in Figs. 727 to 746. Choose a suitable scale. 


Articles 186 to 142. Oblique Projection or Drawing 


399. Make an oblique drawing of any assigned object shown 
in Figs. 727 to 746. Choose a suitable scale. 


Articles 143 to 151. Perspective Drawing 


Note. The position of the point of sight, S, in all problems under 
Perspective Drawing is specified with reference to some chosen 
point A on the object. For example, S(— 2, 4, 9) means that the 
point S is 2” to the left of point A, 4’’ above A, and 9” before A. 
Positive and negative values of these codrdinates have the same 
meaning as in the codrdinate system explained in Article 8. 
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400. Place any assigned object shown in Figs. 727 to 734 
with the face ABCD in an assumed picture plane, the edge BC 
being vertical. Draw the perspective of the object by the visual- 
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ray method, taking the point of sight S at (24, 1, 6) from point 
A, full scale. 


401. Construct the perspective of Problem 400 by the 
vanishing-point method. 


402. Place any assigned object shown in Figs. 727 to 734 
with the edge BC in a vertical position in an assumed picture 
plane, and the face ABCD inclined 30° to the picture plane. 
Construct the perspective of the object by the visual-ray 
method, taking the point of sight S at (24, 1, 6) from point A, 
full scale. 

403. Construct the perspective of Problem 402 by the 
vanishing-point method. 


& 
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404. Place any assigned object shown in Figs. 785 to 742 
with the line BC vertical and the plane of ABC 1%” behind 
an assumed picture plane. Draw the perspective of the object 
by the visual-ray method, taking the point of sight S at (8, 2, 8) 
from point A, full scale. 


405. Construct the perspective of Problem 404 by the 
vanishing-point method. 


Articles 152 to 158. Shades and Shadows 


Note. It is the practice in obtaining the shadows of lines, sur- 
faces, and solids, on the H and V planes, to consider only that portion 
of the V plane above the H plane and that portion of the H plane in 
front of the V plane as available. If any other plane is set up, it is 
considered opaque, so that the light rays do not pass through it, thus 
preventing the object from casting a shadow on certain portions of 
the H and V planes. 


406. Find the shadow of any assigned line shown in Figs. 747 
to 751 upon the H and V planes. 
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407. Find the shadow of any assigned object shown in Figs. 752 
to 766 upon the V plane. 


408. Find (a) the shadow of the line AB, Fig. 767, upon the 
prism MN, and (b) the shadow of AB and MN upon the H 
and V planes. 


409. Find the shadow of the square ABCD, Fig. 768, upon 
the plane R. 


410. Find (a) the shadow of the cube AC, Fig. 7 69, upon the 
plane S, and (6) the shadow of the cube upon the H plane in 
front of the plane S. 
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411. Find the shadow of the circle whose center is C, Fig. 770, 
upon the plane T. 

412. Find the shadow of the half cylinder of Fig. 771 upon the 
plane R. 

413. Find the shadow of the cylinder of Fig. 772 upon the 
plane 8S. 
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414. Find the shadow of the cylinder of Fig. 773 upon the 
plane T. 

415. Find the shadow of the sphere of Fig. 774 upon the 
plane U. 

416. Find (a) the shadow of the line AB, Fig. 775, on the V 
plane and on the cylinder; (b) the shadow of the cylinder on 
the V plane; and (c) the shade of the cylinder. 
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417. Find (a) the shadow of the line CE, Fig. 776, upon the 
V plane and upon the cylinder; (b) the shadow of the cylinder 
upon the V plane; and (c) the shade of the cylinder. 
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418. Find (a) the shadow of the rectangular cap on the cir- 
cular shaft of the object shown in Fig. 777; (b) the shadow of 
the object upon the V plane; and (c) the shade of the object. 


419. Find (a) the shadow of the rectangular cap on the shaft 
of the object shown in Fig. 778; '(b) the shadow of the object 
upon the V plane; and (c) the shade of the object. 


420. Find (a) the shadow of the line AB, Fig. 779, on the 
molding shown; (b) the shadow of AB and the molding upon 
the V plane; and (c) all shades of the molding. 
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421. Find (a) the shadow of the line CD, Fig. 780, upon the 
molding shown, and (b) the shadow of CD and the molding 
upon the V plane. 
422. Find (a) the shadow of the line AB, Fig. 781, upon the 


object shown and upon the V plane; (b) the shadow of the object 
upon the V plane; and (c) the shade of the object. 
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423. Find (a) the shade of the molding shown in Fig. 782, 
and (b) the shadow of the molding upon the V plane. 
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424. Find (a) the shadow of the circular cap on the rectangu- 
lar shaft of the object shown in Fig. 783; (6) the shadow of 
the object upon the V plane; and (c) the shade of the object. 

425. Find (a) the shadow of the circular cap on the circular 
shaft of the object shown in Fig. 784; (6) the shadows of the 
object upon the V and H planes; and (c) the shade of the 
object. 
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426. Find (a) the shadow of the upper front edge of the niche 
shown in Fig. 785; (6) the shadow of the object on the V and H 
planes; and (c) the shades of the object. 


427. Find the shade line of the hemisphere shown in Fig. 786. 
428. Find the shade line of the hemispheroid of Fig. 787. 
’ a 
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429. Find the shade line of the prolate spheroid of Fig. 788. 
430. Find the shade line of the torus of Fig. 789. 
431. Find the shade line of the torus of Fig. 790. 
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432. Find (a) the shades of the object shown in Fig. 791, 
and (6) the shadow of the object upon the V plane. 

433. A 2-inch sphere is placed with its center at the point 
C(x, 2, 2). Find its shadow on the H and V planes. 

434. A 1”’ x 2” prolate spheroid is placed with its axis per- 
pendicular to the H plane, with its center at the point C(z, 2, 2). 
Find its shadow on the H and V planes. 

435. A 1’ x 2” oblate spheroid is placed with its axis per- 
pendicular to the H plane, with its center at the point C(q, 2, 2). 
Find its shadow on the H and V planes. 

436. An annular torus is generated by a 1-inch circle revolv- 
ing about an axis perpendicular to the H plane and 1” from 
the center of the circle. The center of the torus is at the point 
C(x, 2, 4). Find the shadow of the torus on the H plane. 

437. The torus of Problem 436 is placed with its center at 
the point C(z, 4, 2). Find its shadow upon the V plane. 

438. A right circular cone whose elements are inclined 45° 
to the axis is placed with the axis perpendicular to the H plane 
and the base downwards. Find how much of the surface is 
in shade. 

439. If the axis of the cone of Problem 488 is perpendicular 
to the V plane, the base forward, find how much of the surface 
is in shade. 

440. If the axis of the cone of Problem 438 is perpendicular 
to the P plane, the base to the right, find how much of the sur- 
face is in shade. 

441. Draw the cone of Problem 488, and find its shadow upon 
the V plane. 

442. Draw the cone of Problem 439, and find its shadow 
upon the V plane. 

443. Draw the cone of Problem 440, and find its shadow upon 
the V plane. 





INDEX 


Alphabet, of a line, 21; of a plane, 
44; of a point, 11 

Analysis, meaning of, 50 

Angle, between line and plane, 101; 
between lines, 97; bisector of, 98; 
between two planes, 103 

Angles 0, ®, and 1, definition, 108; 
of a line, 109; of a plane, 200 

Auxiliary codrdinate plane, 2 

Auxiliary codrdinate plane 3, 13, 89 

Auxiliary codrdinate plane 4, 85, 89 

Auxiliary plane, direction of revolu- 
tion of, 88; parallel to plane of lines, 
91; perpendicular to a line, 90 

Auxiliary-plane projections, direc- 
tion of measurement of, 86 

Axis, of cone, 129; of cylinder, 133 ; of 
revolution of an oblique plane, 78 


Bisector, of angle between two lines, 
98; of angle between two planes, 
106 


Cone, apex of, 128; axis of, 129; base 
of, 128, 132 ; definition, 127 ; devel- 
opment of, 184; elements of, 131; 
frustum of, 128; line of centers, 


130; oblique, 128; planes tan- 
gent to, 208; points on, 182; 
right, 128; right circular, 196. 


See also Construction cone 

Cones, 0, &, and II, 196. See also 
Construction cone 

Conic sections, 133 

Conoid, 124, 136 

Construction, meaning, 50 

Construction cone, definition, 196; 
to draw a specified line with, 197; 
to pass a specified plane with, 202 

Convolute, 124, 134 

Coérdinate distances compared, 16 
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Coérdinate plane, auxiliary, 2; des- 
ignation, 3; horizontal, 2; princi- 
pal, 2; profile, 3; revolution of, 7; 
vertical, 3 

Coérdinate plane number 8, 13 

Coérdinate plane number 4, 85 

Coérdinate-plane-parallels, 52 

Coordinates, definition, 9 

Counter-revolution of oblique plane, 
81 

Curve, generation, 121; rectification, 
190; tangent and normal to, 121 

Curved line, generation, 17 

Cylinder, axis, 133; base, 138, 134; 
definition, 133; development, 188; 
elements, 133; plane tangent to, 
208; points on, 134; projections, 
134; right section, 133 

Cylindroid, 124, 136 


Development, of cone, 184; of cylin- 
der, 188; of pyramid, 182; sheet- 
metal, 179; of surfaces, 179; of 
transition pieces, 180 

Dihedral angle, 4 

Distance, between parallel lines, 96; 
between parallel planes, 94; from 
point to line, 95; from point to 
plane, 93 


Element, of line, 121; of surface, 123 
Elements, consecutive, 123 
Ellipsoid of revolution, 138 


Generatrix, 122, 128 
Ground lines, 7, 13, 85 


Helicoid, 124, 136 

Hyperbolic paraboloid, 124, 136 

Hyperboloid, 189; of revolution, 
124, 136 
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Intersecting lines, angle between, 30, 
97; plane through, 57 

Intersecting planes, angle between, 
103 

Intersection of surfaces, 140. See also 
Line of intersection 

Invisible lines, 149; determination, 
148; representation, 37, 88 

Isometric axes, 229 

Isometric directrices, 229 

Isometric planes, 229 

Isometric projection, construction 
methods, 227; definition, 226 

Isometric scale, 230 


Line, definition, 120; element of, 121; 
generation, 121; H, V, and P 
piercing points of, 26; inclined, 50, 
54; making specified angle with 
oblique plane, 222; parallel to 
plane, 51, 56, 67; perpendicular 
to plane, 64, 67; points on, 17; 
projections on codrdinate planes, 
17, 24, 87; projection on oblique 
plane, 76; relation to codrdinate 
planes, 19; true length, 28, 80, 
91; making specified angle with 
given line, 100 

Line of intersection, of cone and cyl- 
inder, 165; of cone and plane, 153; 
by cutting planes, 145; general 
method of finding, 145; of plane 
and curved surface, 147; of prism 
and pyramid, 144; of surface of 
revolution and cone or cylinder, 
176; of surface of revolution and 
plane, 159; of two cones, 162; of 
two curved surfaces, 148; of two 
cylinders, 170; two limited plane 
surfaces, 141; of two planes, 70 

Lines, H-, V-, and P-parallels, 21; 
intersecting, 22; parallel, 33, 67; 
perpendicular, 30, 35, 67; straight 
and curved, 17 

Lines versus projections, 18 


Normal to curve, 121 


Oblique planes versus auxiliary codér- 
dinate planes, 84 
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Oblique projection, application, 239 ; 
construction, 286; definition, 234; 
direction of projectors, 235; in- 
clined lines, 237; placing object, 
235 : 


Paraboloid, 139 

Parallel line and plane, 67 

Parallel lines, 33, 67; distance be- 
tween, 96; plane through, 60 

Parallel planes, 45, 67; distance be- 
tween, 94 

Perpendicular lines, 35, 67, 112 

Perpendicular planes, 67 

Perspective drawing, curved lines, 
252; definition, 241; mechanical 
method, 242; points in picture 
plane, 246 ; point of sight, 242, 245; 
vanishing point, 247; vanishing- 
point method, 248; vanishing- 
point versus visual-ray method, 
250; visual-ray method, 244 

Pictorial drawing, 226 

Piercing point, of line and coérdinate 
plane, 26; of line and oblique plane, 
18 

Plane, parallel to line, 67; perpen- 
dicular to line, 67; representation 
of, 88, 48; revolution of, 77, 81; 
tangent to cone or cylinder, 208; 
tangent to sphere, 218; tangent 
to surface, 207, 216; through in-’ 
tersecting lines, 57; through line, 
54, 56, 62, 68, 107; through par- 
allel lines, 60; through plane fig- 
ure, 59; through point, 60, 62, 63, 
67, 69; through three points, 61; 
trace of, 39, 46 

Plane-bisector of dihedral angle, 106 

Plane figure, in oblique plane, 81; 
passing plane through, 59; repre- 
sentation, 35 

Plane limited surfaces, intersection 
of 4 

Plane-parallels, 51 

Planes, angle between, 103; inter- 
section of, 70; parallel, 45, 67; par- 
allel and perpendicular to lines, 66; 
projecting, 44 ; projection of, 6; re- 
lations to codrdinate planes, 41 


INDEX 


Point, projections of, 6; space pro- 
jection relations of, 11; to assume, 
in a plane, 50 

Point of sight, orthographic projec- 
tion, 37, 88; perspective projec- 
tion, 242, 245 

Points, consecutive, 121 

Principal coérdinate planes, 2 

Prism, construction, 118 

Problem procedure, 49 aA 

Problem solution, oblique versus alix- 
iliary planes, 84; requirements, 
55 

Problems, 263 

Projecting planes, 44 

Projection, comparison of types, 
240; of line upon oblique plane, 
76; marking, 6; orthographic, 5; 
of solids, 114 

Projections versus lines, 18 

Projectors, orthographic, 4 

Pyramid, construction, 114; 
section with prism, 144 


inter- 


Quadrants, 4 


Radius of revolution, 79 

Rectification of curve, 190 

Revolution, of auxiliary codrdinate 
planes, 88; of oblique plane, 77; 
of principal coérdinate planes, 7 


Shade, definition, 252 

Shade line, of cone and cylinder, 260; 
definition, 252; of sphere, 261 

Shadow, by conventional light 
ray, 254; definition, 252; find- 


349 


ing, 257; point-by-point method 
of drawing, 255 

Sheet-metal developments, 179 

Solid, construction of, 117; projec- 
tions of, 114; representation of, eo 

Sphere, 124, 139 

Spheroid, 124, 139 ; 

Straight line, SCREEN ie 

Surface, approximately developable, 
193; developable, 125; develop- 
ment of, 179; director of gener- 
ation, 122, 127, 128; double-curved, 
124; element of, 123; generation 
of, 122; plane tangent to, 207; 
representation of, 126; ruled, 124; 
single-curved, 124, 127; warped, 
1245135) 

Surface of revolution, 124, 138; as- 
suming points on, 140; invisible 
lines on, 140; plane tangent to, 216 

Surface of translation, 125 

Surfaces, classification, 124; inter- 
section of, 140, 141; line of inter- 
section of, 145 


Tangent to curve, 121 

Torus, 124, 139 

Traces, intersection on ground lines, 
40; of a plane, 39; on auxiliary 
coordinate planes, 46 

Transition pieces, 179 

Triangle of revolution, 79 

True length of a line, 28, 80, 91 


Vanishing point, 247 
Views, 5; arrangement of, 87 
Visibility of edges of solid, 37 





{ m 
devi Leo Spice rotated : 
J icon hao 383-3 — ‘ 
















‘ 
! ‘ ek iy eo) z 
‘! | ia a \ > é * 
F : i oe bos) ae 
Ta AR ae mod 15 | Seige 
bt Lys cee “t 93 pee 5) ae as wad i 
wae OT ee ers Do iage, 20 alles 
‘ ‘ "FT oy oe fa are . 
: iio FOO SSS ea Br jane rieetge Boul: 
Seg ol Dy Mohit ona Lae Bre 
es j ome Nae Biya EAS vi FS Se 
NY iy po bak wlth at 
re f : 
f ‘ Fe ; a 
; ; F) tras 
Py >t Ris roy a 
aoe ES . oben’) os edei lt! O04 Io Sa 
a Ses eo pat ied ae 
Y ite sitvce 
. 5 ‘ : ; 
} j eerie epee ae 
ae on ee ot > {i etdyi0 i ees 
<7 ie ane fais ae 
SMe ate ee : 
A 











nn | a | 


ie | Os 
pein | ee 
— ts 

~ 
a 


Date Due 


rom 


a 








